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IN MANY SITUATIONS,
FAIRNESS IS NOT EQUAL DIVISION

“Cake” gets bigger
oranges [Fisher, 1981]

peel and juice

two halfs

[www.pachd.com]



HOWEVER, SOMETIMES
AFTER AN “EQUAL” DIVISION
THE “CAKE~ GETS SMALLER.

Income inequality vs GDP in Poland
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MULTI-OBJECTIVE OPTIMIZATION
PROBLEM WITH MULTIPLE AGENTS
THAT MUST BE TREATED FAIRLY.

Centralized decision maker
Agents’ utilities depend on each other (shared system)
Payoffs not transferable

min (f.(x), £,(x), ..., T (x))

f.(x) - first agent’s objective
f,(x) - second agent’s objective
f (x) - last agent’s objective

Examples:

emulti-agent scheduling [Agnetis et al, 2004]
erobust shortest path [Perny et al, 2006]
sbudget redistribution [Kostreva et al, 2004]
ofacility location [Marsch, 1994]



(VALUES OF) AGENTS  UTILITIES HAVE
TO BE DIRECTLY COMPARABLE.

fair division

finite goods to distribute
each agent: max her share

utility

# received

d
efacility location S

[Marsch, 1994]
ebudget redistribution
[Kostreva et al, 2004]

cardinal utilities

utility functions express
strength of preferences

utility B twice as good as A

A B solutions

erobust shortest path
[Perny et al, 2006]
emulti-agent scheduling
[Agnetis et al, 2004]



ECONOMICS AND SOCIAL SCIENCE
HAVE SIMILAR PROBLEM:
HOW TO MEASURE FAIRNESS OF
INCOME DISTRIBUTION

Sort outcomes from worst to best;
measure cumulative outcome of n worst outcomes

Lorentz Curve [Lorentz 1905]
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[wikipedial



GINI INDEX EXPRESSES THE
UNFAIRNESS IN LORENTZ CURVE.

[Gini, 1912]

100%

Cumulative share of income earned

Cumulative share of people from lower income 100%

[wikipedial



GINI INDEX CAN FAVOR INEFFICIENT
SOLUTIONS

Income Disparity since World War I1 — the Gini Index

where (Vs perfect equality, and 100 is perfect inequality (Le., one person has all the income)

economic crisis -
average salary - 20$/month end of first boom
min salary - 200$/month
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IDEA: COMPARE EQUITY OF SOLUTIONS
THAT HAVE THE SAME GLOBAL
EFFICIENCY

economics: Pigou-Dalton principle of transfers
mathematics: majorization

multi-agent minimization
y=[y1l,vy2, ...,V¥,...., y',..., yn]

y'>y" (y'is worse)
y+ &' —€ preferredtoy

' =[0,...0,..¢,..,0,..0]
£"=[0,...,0,...,0,....,...0]

e.g. [9,6] is preferred to [10, 5]
both [9,6] and [10,5] have the same global efficiency 15



AXIOMATIC THEORY OF FAIRNESS:
PROPERTIES OF A FAIR DIVISION

work to be done lazy workers

ssymmetry

(minimizing their work)

hours: common valuation

axioms:
eoptimality eprinciple of transfers



NO ONE IS FAVORED
as fair
S

A FAIR SOLUTION IS SYMMETRIC:




A FAIR SOLUTION IS OPTIMAL:
IT CANT BE IMPROVED UNILATERALLY




PRINCIPLE OF TRANSFERS:
ROB THE RICHES, FEED THE POOR




WE DEFINE A RELATION OF EQUITABLE
DOMINANCE THAT FULFILLS THESE
AXIOMS

Relation < : partial order on R
fulfils axioms of equity

Which is more equitable: [4,6] or [10,2] ?
e [10, 2] = [2, 10] (symmetry)

e [2,10] < [4,8] (transfers)

° [4, 8] <[4, 6] (Pareto-optimality)
e So, [10, 2] less equitable than [4, 6]



THESE CRITERIA CAN BE ENCAPSULATED
IN A RELATION OF
GENERALIZED LORENTZ DOMINANCE

[Chong, 1976]
(3 agents minimizing outcomes)

® sort outcomes from the worst to the best
[1,5,3] > 15,3, 1] [2,5,2]->15, 2, 2]

e construct cumulative outcome vector:
[worst outcome, sum of two worst
outcomes, .., some of n worst outcomes]

[5,3,11->15,8, 9] [5,2,2]1->15,7, 9]

® compare cumulative vectors by Pareto
dominance
[ 5,7, 9] dominates [ 5, 8, 9 |



LORENTZ DOMINANCE GIVES US
STRAIGHTFORWARD INTERPRETATION

i‘

equitably

equal
pareto-worse

equitably
better

pareto-better

2 criteria minimization ‘
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THE SAME RESULTS CAN BE OBTAINED BY

) I

USI

NG AXIOMS DIRECTLY

types of dominance

< pareto
< transfers
< equitable

_ (X

6,2]=B[2,6]

100,1k[99,2)<Al6,2] = C<A

7,0k16,1]5,2)(4,3] (none is pareto-dominated by [6,2])
6,2)<[4,4)<E[4,3] —» A<E

5,4D016,3] and Al6,21«5,3k[4,4] (no pareto-dominance)



FINDING
FQUITABLY-OPTIMAL
SOLUTIONS



EXAMPLE APPLICATION:
SCHEDULING PROBLEM WITH
MULTIPLE AGENTS

[Agnetis et al., 2004]

One processor G R
Two sets of jobs 1 H ZC T ZC i

C

green optimization goal: Z C% =1+6+18=25

red optimization goal: }* C%, =3+13 =26

budget based approach: NP-hard Pareto-set can have
exponential size



MULTICRITERIA OPTIMIZATION CAN
MODEL FAIRNESS BETWEEN MUTLIPLE
USERS.

. ..- (best total completion time)
_
chi=1+2+3 chi=6 chi=1+2+3+6=12

-... ~ (better for red agent)
) C, =4+5+6 ch =3 Y C% =3+4+5+6=18




ONE FAIR SOLUTION



= ORDERED WEIGHTED AVERAGE (OWA)
WITH POSITIVE, STRICTLY DECREASING
"= WEIGHTS GIVES AN EQUITABLE SOLUTION.

[Ogryczak, 2000]

® OWA [Yager, 1988]: sort outcomes by increasing performance,
then apply weighted average

vector: [1, 10, 5]
weights: [0.5, 0.2, 0.1]

OWA=0.5"10 + 0.2 * 5 + 0.1

OWA(Y) <« OWA(Y") <=> y’ equitably-dominates y”

sketch of proof for ‘<=’
e symmetry holds: OWA sorts outcomes
e optimality holds: one outcome decreased -> OWA decreased

e transfers holds: larger outcomes have larger weights



OTHER EQUITABLE AGGREGATION
FUNCTIONS ARE ALSO POSSIBLE.

[Kostreva et al, 2004]
® Aggregator function g(y) maps outcome vector to R

min(g(f(x))
Requirements on g(y):
e strictly increasing (-> on each outcome)

® impartial (-> not sensitive to permutations of y)

® strictly Schur-convexity: g0 — &0y + 6.0 )
gg(ylﬁ.}b?"'aym) f0f0<8<yi:~yjn

examples: (s : R -> R, strictly convex, strictly monotonic)

= > _
g(y) S(yl) SO, eg g(y) = Z yik ,k > 1



CLASSIC FAIRNESS CRITERIA GIVE ONLY
ONE “BEST” SOLUTION

®2f
e Min max fi

® [exmin -> generalizes min max;
-> OWA with infinite weight difference

® 2 -log f. -> ok, as strictly Schur convex

® Nash Bargaining Solution -> not compatible



SUM OF CRITERIA IS TOO WEAK TO
PRODUCE AN EQUITABLE SOLUTION.

min (XC® + >~C" ) = min 2C,

Minimized by Shortest Processing Time (SPT) schedule:

t

This is unfair to red agent... Pairs of jobs have to be permutated

>

But should it be the only solution?




min sum

!

w all localSPT

-+ pareto

O equitable

--- spt global
- symmetry




all localSPT

pareto
O equitable
--- spt global
symmetry




areto

-prune

ALL EQUITABLE
SOLUTIONS

k best sum



_ IN THE WORST CASE, THERE ARE
== EXPONENTIALLY MANY EQUITABLY-
OPTIMAL SOLUTIONS...

Red jobs delayed by 2P"'-1
but last green jobs adds to green agents’ goal: 2( 2" T ) + 2

"= Thus, this schedule favours red by: 2P -3

After switching order of two jobs (i <= p):
- R

1 1-1 1-1
red: +2° green: -2 sum: +2

p+1

Generalized Lorentz Dominance: (xi == 1 if there was a switch)
[C,—-2x 2'; C, + 2x 2] ( C,<C,, both are constants)

Pareto-independent; thus all possible switches equitably-independent
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APPLIED TO MULTI-AGENT
SCHEDULING: DYNAMIC
PROGRAMMING FOR PARETO-OPT
SCHEDULES

Pareto-opt schedules with n jobs:

extend Pareto-opt schedules with n-1 jobs
remove Pareto-dominated combinations

order between jobs of the same owner: SPT
thus schedule specifies owners of the first n jobs
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FINDING EQUITABLE SCHEDULE FOR
THE SAME TOTAL SCORE

® find chains of jobs of the same length

e starting from the chain of longest job, greedy
reduce the difference of payoffs

Why it works?

e after each chain, the difference of payoffs is
decreased

e by starting from the longest jobs, we are able
to reduce “errors”



FINDING NEXT DEGRADATION

® in current schedule,
for each pair of jobs: (longer after shorter)

e compute total score: 2C.+=

e add to not visited schedules (heap by 2C)

e take the smallest element from heap



BOUNDING THE NUMBER OF STEPS

e
l [A, B]

'\

nosequitable
olutions
h -

~~

~—"
N

Qe

equitably

equal

equitably

better [B.A]

pareto-better

2 criteria minimization f,(x)



EQUITABLE MULTI-AGENT
OPTIMIZATION: CONCLUSIONS

e multi-agent optimization becomes important
(shared system, centralized control)

® “true” multicriteria approach to fair
optimization (many solutions to chose from)

® single equitable solution: generalization of
some known concepts

e all equitable solutions: can be intractable...
(->approximation algorithms?)
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