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The problem

Let 2 be a connected smooth open set in R2, with 9Q = RUS U T.
Messages originate in S, with density o (), and have to be routed through
2 to R, with zero flux through 7.

At each point x € €2, messages flow in only one direction, but with a
density ¢ of messages (intensity of the flow) that may vary from point to
point.

The intensity ¢ of messages flowing through a point = has a “cost” per
message c(x, ) (delays, energy use,...) hence a cumulated cost at «

C(x,p) = c(x, p)p.

Investigate both the collectively optimal routing and the Wardrop equilibria.
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Mathematical model : message flow
Flow of messages represented as a vector field f(x) with || f(z)|| = ¢(x).

Extend o(x) = Oforx € 7,andlet @ = SU 7, and n(x) be the normal
to 9€2. The boundary conditions are thus

Ve € Q, (n(x), f(x)) =oc(x) .
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Mathematical model : message flow

Flow of messages represented as a vector field f(x) with || f(z)|| = ¢(x).

No source nor sink of messages in 2 =-
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Mathematical model : message flow

Flow of messages represented as a vector field f(x) with || f(z)|| = ¢(x).

No source nor sink of messages in 2 =-

Ve €Q, divf(z)=0.

Will automatically imply

/Sa(w) ds 4+ /R<n(:13), f(x))ds=0.
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Mathematical model : costs

Let ey = (cos @, sin @) be the direction of travel of a message.
Total cost incurred in a path from z(tg) = zg € Rtoz(t1) = x1 € S'is

7o) = [e(m IF@)ds = [ e(w @), 7)) dt.

L0 0
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Mathematical model : costs

Let ey = (cos @, sin ) be the direction of travel of a message.
Total cost incurred in a path from z(tg) = 29 € Rtox(t1) = x1 € S'is

TCeo() = [ e I F@)ds = [ e(w@), 1@ dt.

L0 0

Let C(z,p) = c(z,p)p

Total (collective) cost of congestion is

GO = [e(@lf@I)IF@lde = [ (z0@))da.
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Global optimum : necessary conditions

Dualize the constraint divf = 0 with a dual variable p(x), use Green’s
formula to rewrite lagrangian L. Fréchet derivative D ¢ L(f*,p) = O yields

X (o T *( 1 ) = x).
Ve f7(z) 70, DaCl(z, | f( >H)||f*(x)||f( ) = Vp(z)

If DoC'(x, )/ un bounded as ¢ — O, thenat p = 0, 0 € 9,L yields

Vz i f*(z) =0, D2C(z,0) > |Vp(z)].
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Equivalent formulation

Solving the necessary conditions can be stated as : find two scalar func-
tions p(-) and ¢(-) (in carefully chosen function spaces), such that

Vo € Q, |Vp(z)|| < D2C(x, p(x)),
Vo p(z) 0, ||Vp(@)|| = D2C(x, o(x)),
Ve € R, p(zr) =0,

and with f(x) 1= 1260 Vp(z),

~ DoC(z,p(x))

Vo e Q, divii(z) =0,
Ve e @, (n(x), f*(x)) =0o(x).
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Wardrop equilibrium

The Hamilton-Jacobi-Carathéodory-Bellman equation of the problem is

Vo € 2, ming(ey, VV (z)) + c(=, || f*(z)]]) = O,
Vee R, V(x)=0.

and the optial direction of motion is opposite to VV'.
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Wardrop equilibrium

The Hamilton-Jacobi-Carathéodory-Bellman equation of the problem is

Ve € 2, —VV(z)+ c(z, ||f*(z)]]) =0,
Vee R, V(x)=0.

and the optial direction of motion is opposite to VV'.

Wherever || f*(x)|| # O, this coincides with previous equations upon re-
placing p by —VV and D>C by c¢. Hence one can look for the Wardrop
equilibrium by solving the global optimization problem with

Oz, ) = /(f c(a, )dup

Generalizes Beckman, 1952, Beckman et al, 1956.
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Wardrop equilibrium

The Hamilton-Jacobi-Carathéodory-Bellman equation of the problem is
Ve € 2, —VV(z)+ c(z, [|f*(z)|]) =0,
Vee R, V(x)=0.

and the optial direction of motion is opposite to VV'.

Wherever || f*(x)|| # O, this coincides with previous equations upon re-
placing p by —VV and D>C by c.

Theorem If c(x,p) = c(x)p®, o > 0, any global equilibrium where
|f*(xz)|| # O over 2 is a Wardrop equilibrium.
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Linear congestion costs

If c(x, p) = c(x)p, the equations for p uncouples from ¢ and becomes a
standard mixed Neuman-Dirichlet elliptic PDE:

1
Ve € €2, diV( Vp(az)>=O,

Vo € Q, S—Z(.ﬂv) = c(x)o(x),
Ve e R, p(xz) =0.

= (Existence and) uniqueness. Solution e.g. via standard finite element
method.

F(z) = ﬁwm .
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No congestion, minimize delays

We investigate the case where the cost incurred are only linked to the
location, but the network is uncongested. Then c(x, ) = c(x). Now
D>C(x,¢) = c(x) and D>C/p — oo as ¢ — 0.
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No congestion, minimize delays

We investigate the case where the cost incurred are only linked to the
location, but the network is uncongested. Then c(x,¢9) = c(x). Now
D>C(x,p) = c(x) and DoC/p — oo as ¢ — 0.

Equivalent formulation: Find two scalar functions p(-) and ¢ (-) such that
Ve € Q, ¢P(z) > 0, [[Vp(z)| < c(z), ¥(2)[|Vp(2)] — c(z)] =0,

Ve € 2, Y(x)Ap(z) + (VY(z), Vp(z)) =0,
Vo € Q, Y(x)(n(z),Vp(z)) =o(x).

Then, f*(z) = ¥ (x)Vp(x).

23



No congestion, minimize delays

We investigate the case where the cost incurred are only linked to the
location, but the network is uncongested. Then c(x,¢9) = c(x). Now
D>C(x,p) = c(x) and DoC/p — oo as ¢ — 0.

Equivalent formulation: Find two scalar functions p(-) and ¢ (-) such that
Ve € Q, ¢P(z) > 0, [[Vp(z)| < c(z), ¥(2)[|Vp(2)] — c(z)] =0,

Ve € 2, Y(x)Ap(z) + (VY(z), Vp(z)) =0,
Vo € Q, Y(x)(n(z),Vp(z)) =o(x).

Then, f*(z) = ¥ (x)Vp(x).

We propose an algorithm proved convergent if f*(x) #= 0 Vx € <.
Proves uniqueness in that case. No satisfactory result for the general case.
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