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Power-of-d-Choices with Memory: Fluid Limit and Optimality
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Abstract

In multi-server distributed queueing systems, the access of stochastically arriving jobs to resources
is often regulated by a dispatcher, also known as load balancer. A fundamental problem consists in
designing a load balancing algorithm that minimizes the delays experienced by jobs. During the last two
decades, the power-of-d-choice algorithm, based on the idea of dispatching each job to the least loaded
server out of d servers randomly sampled at the arrival of the job itself, has emerged as a breakthrough
in the foundations of this area due to its versatility and appealing asymptotic properties. In this paper,
we consider the power-of-d-choice algorithm with the addition of a local memory that keeps track of the
latest observations collected over time on the sampled servers. Then, each job is sent to a server with
the lowest observation. We show that this algorithm is asymptotically optimal in the sense that the load
balancer can always assign each job to an idle server in the large-system limit. This holds true if and
only if the system load X is less than 1 — 1. If this condition is not satisfied, we show that queue lengths

d
are tightly bounded by [—%—‘ . This is in contrast with the classic version of the power-of-d-choice

algorithm, where at the fluid scale a strictly positive proportion of servers containing i jobs exists for all
1 > 0, in equilibrium. Our results quantify and highlight the importance of using memory as a means to
enhance performance in randomized load balancing.

1 Introduction

In multi-server distributed queueing systems, the access of stochastically arriving jobs to resources, or servers,
is often regulated by a central dispatcher, also known as load balancer. A fundamental problem consists in
designing a load balancing algorithm able to minimize the delays experienced by jobs. In this paper, we are
interested in a setting where a traffic of rate AN needs to be distributed across N unit-rate parallel servers,
each with its own queue, as indicated in Figure The load balancer may rely on feedback information
coming from the servers, which may also be stored in a local memory. Depending on the architecture,
feedback information can arrive at the dispatcher through a push- or pull-based mechanism. In the former,
the dispatcher initiates the communication fetching the requested information from the servers, while in the
latter servers periodically send state information to the dispatcher. This type of model finds applications
in computer and communication systems, hospitals and road networks, and there exists a significant and
growing number of references; see, e.g., the recent works Ying et al. [25], Gardner et al. [9], Gamarnik et al.
[8], Gupta and Walton [I1] and the references therein. Nevertheless, it is often difficult to establish whether
an algorithm is better than another because in general the answer strongly depends on the underlying
architecture, application or traffic conditions. For instance, assigning jobs to servers uniformly at random
or in a cyclic fashion provides a very scalable dispatching scheme as it requires neither static nor dynamic
information about servers but the resulting performance is quite poor; the join-the-shortest-queue algorithm
is “optimal” under some conditions, Winston [23] and Weber [22], but its applicability in large systems is
debated due to the high communication overhead between the servers and the dispatcher; the join-the-idle-
queue algorithm, Lu et al. [12], performs very well when N is large, see Stolyar [I8], but poorly when A gets
close to its critical value, and in addition it requires servers to generate messages on their own; for a more
complete discussion, we point the reader to the recent survey in Van der Boor et al. [20].

During the last two decades, the power-of-d-choice algorithm, introduced in Mitzenmacher [15], Vveden-
skaya et al. [21I] and referred to as SQ(d), has emerged as a breakthrough in the foundations of this area due
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Figure 1: Architecture of the distributed system for load balancing.

to its versatility and its appealing asymptotic properties. It works as follows: upon arrival of each job, d > 2
servers are contacted uniformly at random, their state (e.g., queue length or workload) is retrieved, and then
the job is dispatched to a server in the best observed state (among the d selected). The first remarkable
property is that in the large-system limit, N — oo, the stationary proportion of servers with at least ¢
jobs decreases doubly exponentially in ¢, though it remains strictly positive for all <. This result has been
generalized in Bramson et al. [3] to the case where service times are heavy-tailed rather than exponential;
see also Bramson et al. [4]. In addition, it turns out that SQ(d) is heavy-traffic optimal in the sense that
it minimizes the workload or queue-length process over all time in the diffusion limit where A 1 1; see Chen
and Ye [5] and Maguluri et al. [I4]. In Ying et al. [25], it is also shown that the number of sampled servers
can be dramatically reduced if tasks arrive in batches, which is useful to reduce the communication overhead
between the load balancer and the servers. In Mitzenmacher et al. [16], the power-of-d-choice algorithm is
studied in the case where the load balancer is endowed with a local memory that stores the index and the
state of the least loaded server out of the d sampled each time a job arrives. When the n-th job arrives, the
winning server is chosen among the d servers randomly selected upon its arrival and the server associated to
the observation stored in the memory. The resulting performance is better than the one achieved by SQ(2d).
In the standard memoryless case, if d is allowed to depend on N and d(N) — oo, SQ(d) has been recently
shown to become fluid (or mean-field) optimal, i.e., optimal in the large-system limit, with a diffusion limit
matching the one of the celebrated join-the-shortest-queue algorithm provided that d(N) grows to infinity
sufficiently fast; see Mukherjee et al. [I7], Dieker and Suk [6]. At a fluid scale, optimality here is related to
the ability of assigning each incoming job to an idle server. Also our work aims at achieving fluid optimality
but we will consider d as a constant to keep the communication overhead at a minimum. Towards this pur-
pose, we will show that it is enough to endow the load balancer with a local memory that keeps track of the
latest observation collected on each server. This approach is also close to Mitzenmacher et al. [I6], though
different because in that reference the memory can only store one observation. In fact, one observation
(or even a finite number of observations) is not enough to achieve fluid optimality; see Gamarnik et al. [7].
We observe that fluid optimality can also be achieved by the join-the-shortest-queue and join-the-idle-queue
algorithms. However, these are not directly comparable to our algorithm because they are meant to run on
a different architecture (pull-based rather than push-pased).

The fact that we consider a memory with N slots has an impact on our proofs. As discussed in Mitzen-
macher et al. [I6], if the memory size is uniformly bounded then the observations in the local memory evolve
much faster than the actual queue lengths, and in this case to establish fluid limit results one can adopt the
ad-hoc proof technique developed in Luczak and Norris [I3]. On the other hand, this does not apply to our
case because observations and queue lengths evolve within the same timescale. Also the pull-based version
of join-the-idle-queue, Lu et al. [12], requires a memory with N slots but the main difference with respect
to our approach is that the information stored in the memory is always up to date, which is not the case
within our algorithm.



1.1 Contribution.

In Algorithm [I} we provide a pseudocode for the proposed power-of-d-choices algorithm with memory and N
servers, referred to as SQ(d, N); some variants of such algorithm are also discussed in the Conclusions. Upon
arrival of one job, the states collected from d randomly chosen servers are stored in the local array Memory.
Then, the job is sent to a server chosen randomly (with replacement) among the ones having the lowest
recorded state. Finally, the observation of the selected server is incremented by one.

Algorithm 1 Power-of-d-choices with memory and N servers.

1:
2
3
4
5:
6
7
8
9

10:
11:

procedure SQ(d, N)

Memory[i] =0, Vi =1,..., N;
for each job arrival do
fori=1,...,d do

rnd_server = random(1,...,N);
Memory[rnd_server] = get_state(rnd_server);
end for

selected_server = random(arg min;e(y,... vy Memoryl[i]);
send_job_to(selected_server);
Memory|[selected server|++;

end for

12: end procedure

It is intuitive that SQ(d, N) results in more balanced allocations than SQ(d). This follows by using the

coupling argument developed in Theorem 3.5 of Azar et al. [I], which can be adapted to argue that at any
point in time the vector of queue lengths achieved with SQ(d, V) is majorized by the vector of queue lengths
achieved with SQ(d). On the other hand, it is not clear how much such improvement can be. This is the
goal of the present paper.

We investigate the time-varying dynamics of SQ(d, N) by means of a continuous-time Markov chain

XN (t) that keeps track of the proportion of servers with 4 jobs and for which their last observation collected
by the load balancer is j, for all 4 and j. To the best of our knowledge, this is the first paper that studies the
dynamics induced by SQ(d, N). The transition rates of X (t) are non-Lipschitz and a satisfactory analysis
of XN (t) when N is finite seems to be out of reach. Our main contributions are as follows:

1. In Theorem |I| we let N — oo and identify the fluid limit of XV (¢), an absolutely continuous function

that is interpreted as a first-order approximation of the original model X~ (¢). The fluid limit is
motivated by the fact that real systems are composed of many servers and that it enables a tractable
analysis for the dynamics of SQ(d, N). A fluid limit is necessarily a fluid solution, as introduced
in Definition The proof of the fluid limit is the main technical part of this work and is given in
Section The main difficulty stands in the discontinuous structure of the drift of X~ (¢); see Section
for further details. We obtain the fluid limit under a finite buffer assumption, though as discussed in
the Conclusions we believe that this assumption can be relaxed.

. We then study fixed points, fluid solutions that are constant over time. Theorem [2] shows that there

exists a unique fixed point. The general structure of such fixed point as a function of A is quite involved
and implies that in equilibrium

a) Fluid queue lengths are uniformly and tightly bounded by j* + 1, where

i {_ 11>Ogg((xld_+A1))J '

This is in contrast with SQ(d), where queue lengths are unbounded in the sense that a strictly
positive proportion of servers containing i jobs exists for all ¢ > 0, in the fluid equilibrium; see
Mitzenmacher [I5]. Figure [2] illustrates the behavior of the upper bound j* + 1 by varying A
and d, and shows that the size of the most loaded server will remain very small even when A is
very close to its critical value. In fact, even when A = 0.995 and d = 2, at the fluid scale no server
will contain more than just 5 jobs.

(1)



55 T T

sp | —d=3

ab | —d=2
- 3F i
x

i ’ , 7

! ]

0 L L L L L L L L L

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 2: Plots of the maximum queue length, j* + 1, by varying A and d.

b) The load balancer memory can only contain two possible observations, namely j* and j* + 1.

The case of particular interest is when A < 1 — 1/d, where j* = 0 and thus the load balancer memory
always contains a strictly positive proportion of zeros. This means that the load balancer can always
assign incoming jobs to idle servers, which is clearly the ideal situation for any incoming job. In this
sense we say that SQ(d, N) is asymptotically optimal. When A > 1—1/d the load balancer memory will
never contain a strictly positive mass of zeros but it will still be able to assign a fraction of jobs to idle
servers ensuring that the average number of jobs in each queue belongs to the interval j* — é + % + %
(Proposition [2).

3. Finally, we investigate stability properties of the unique fixed point. Theorem [3| establishes that fluid
solutions converge to such point regardless of the initial condition and exponentially fast, provided
that A < 1 —1/d. Thus, in this case all fluid solutions will be eventually asymptotically optimal as
the load balancer memory will eventually be populated by a strictly positive mass of zeros. The proof
of this result, given in Section [5.3] is based on a sort of Lyapunov argument that allows us to show
that the time evolution of fluid solutions is eventually governed by the unique solution of a linear and
autonomous ODE system.

In summary, the proposed algorithm SQ(d, N) has the same communication overhead of its memoryless
counterpart SQ(d) but a much better performance, which is paid at the cost of endowing the controller with
a memory of IV slots. It is to be noted that asymptotic optimality can be obtained

2 Performance models

In order to describe the time varying effects of SQ(d, N) on queue lengths, we introduce a stochastic and a
deterministic model. The stochastic model is meant to capture the variability of job interarrival and service
times that is intrinsic in multi-server distributed queueing systems. Due to its intractability, a satisfactory
analysis of such model is out of reach. In this respect, the deterministic model is convenient because it does
enable analytical tractability. In this section, we also show our first result, which states that both models are
connected each other: the deterministic can be interpreted as a first-order approximation of the stochastic.

In the following, we will refer to a server with 4 jobs and for which its last observation at the controller
is j as an (i, j)-server.

2.1 Markov model.

First, we model the dynamics induced by SQ(d, N) as a Markov chain in continuous-time: arrivals at the
load balancer are assumed to follow a Poisson process with rate AN, with 0 < A < 1, and service times are
independent, exponentially distributed random variables with unit mean. Servers process jobs according to
any work-conserving discipline and each of them can contain I > 1 jobs at most. A job that is sent to a
server with I jobs is rejected. Each incoming job is thus assigned to one out of N queues as in Algorithm [I]



Upon each job arrival, we assume that the actions of sampling d servers and assigning the job to some queue
are instantaneous and occur at the same time.

Let (QN(t), MY (t)) = (QN (t), M¥N ()5, € {0,1,...,I}2Y Dbe the system state at time t € Ry: Q7 (¢)
represents the number of jobs in queue k at time ¢ and M. ,iv (t) represents the last observation collected from
server k by the controller at time t. To avoid unnecessary technical complication in our proofs and since the
observation associated to server k is no less than the actual number of jobs in k after sampling k for the first
time, for the initial condition we assume that Q¥ (0) < M} (0) for all k.

It is convenient to represent the system state by X (¢) = (XYj(t) : 0 < i < j < 00) where

N
N def 1
Xi(t) = Nzl{QkN(t):i,M,iv(t):j} (2)
k=1

denotes the proportion of (i, j)-servers at time ¢. It is clear that X (¢) is still a Markov chain with values
in some finite set Sy that is a subset of

I I

Sdéf{(:m,jERJriOSiSjSI):szi’j:1}' (3)

i=0 j=i

The transitions and rates of the Markov chain X7 (¢) that are due to server departures are easy to write
because they have no impact on memory: for z € Sy, the transition x — z — e*% + eTf occurs with

rate N z;41; where e; ; def (0,0 055 € {0,1}: 0 <4’ < j' < T) and d, is the Kronecker delta. On the other
hand, the transitions and rates of XV (¢) that are due to job arrivals are quite involved and they are omitted.
However, in Section we will show how to construct the sample paths of X7 ().

2.2 Fluid model.
For any = € S, let

I j
def def
i, E Y wiy and @y = Y @iy
j=i

i=0
The next definition introduces the fluid model for the dynamics of SQ(d, N).

Definition 1. A function z(t) : Ry — S is said to be a fluid model (or fluid solution) if the following
conditions are satisfied:

1. z(t) is absolutely continuous, and
2. dx"c’li;(t) = b; j(z(t)) almost everywhere, for everyi >0 and j > 1,

where b(x) def (bij(x) :0<1i<j<I)is given by
bo,o(z) =Ad(zo,. — 20,0) — A+ Ro() (4)

.’Ei"
bij(x) =Tit1,; — Liisopiy; — Adwij — ijl(x)f 1@ >0y
]

Ti—1,j— Ti—1, L. .
+ 1{¢>0}Rj72($)#11 1o, >0 + 1g=ris0yRr-1(2) . 111 1o >0y Vi,jii<j (5)
- .
x
bia(z) =—z1,1 + Ad(21,. —21,1) + A — Ro(z) — 730(£C)3%11 1,50y — Gi(z) (6)
T 7 Ti1,i—1
bi7i<$) =—x;; + Md(z;. — i) — Ri—1(x) - 7, 1{1_’i>0} + Rifg(x)ix ,7 ) 1{x.,¢71>0}
—|—g1_1($‘)—g1(1‘), V’L:2,7I—1 (7)
Tr_1- T
bL](ZL') =—rr;+ ijg(x)M 1{x.1171>0} + glfl(x) + RI*l(x) L1 1{x.11>0} (8)

Z.1-1 g



with

J
Ry(®) =0V A (1 —d> (1) ) L o) ©)

i=0
J
Gi(x) =X\ 1{2?:0 @ i=0,d 3] _o(j+1—i)z; <1} Z Ti,. (10)
i=0

and a Vv b max{a,b}.

The discontinuous function b will be referred to as drift, and to some extent it may be interpreted as
the conditional expected change from state z of the Markov chain X ™ (¢), though this may only be true
when zg o > 0, where R;(z) = 0 for all j and the formulas above become linear admitting a very intuitive
explanation.

Let us provide some intuition for the drift expressions in Definition and let us start with coordi-
nates (0,0). At the moment of each arrival at the load balancer, the states of d servers are sampled and k
idle servers that the load balancer has not yet spotted are sampled with probability (Z) (wo,. — xo’o)k(l —x,. +
T0,0)47*. Since 22:1 k(g) (w0, — 10,0)*(1 — 20, + 20,0)? % = d(x0,. — 70,0) and arrivals occur with rate A,
the average rate in which (0, j)-servers, j > 1, are discovered is Ad(xo,. — zo,0) and the rationale behind the
first term in is justified. The dynamics that remain to specify are the ones related to the effective job
assignments, that is where singularities can happen. In order to build a fluid model ‘consistent’ with the

finite stochastic system X (¢), one should take into account the fluctuations of order 1/N that appear when

X{o(t) = 0. These bring discontinuities in the drift. Let z; & > i T, and R;V(t) def g:o XN (t). We

notice that R;(x)/A, where R;(xz) is defined in (9)), will be interpreted as the proportion of time where the
process (R;-V(t))[t’tﬂ] tends to stay on zero with the load balancer sampling (-, j')-servers only, for all j' > j,
in the limit where N — oo first and then € | 0; this will be formalized in Section Thus, the term
A — Ro(x) represents the rate in which jobs are assigned to (0,0)-servers, which become (1,1)-servers as soon
as they receive a job. This explains the drift expression in . The particular structure of R;(z) given in
@D will be the outcome of the stochastic analysis that will be developed in Section

Let us provide some intuition also for the drift expression on coordinates (1,1) (see @), as it brings some
additional interpretation that also applies on general coordinates. The first term says that departures from
(1, 1)-servers occur with rate x11 and the second one says that new (1,1)-servers are discovered with rate
Ad(z1,. — x1,1). This can be easily justified as done above for the first summation term of by . Then, we
notice that the A — Ro(z) term has been already interpreted above and thus the dynamics that remain to
specify are the ones related to job assignments at (1,1)-servers. According to SQ(d, N), if the load balancer
knows no (0,0)-server then it randomizes over the set of (-, 1)-servers, and thus within this scenario 11
should decrease with rate proportional to 21—11 This is indeed the case if z.; > 0. Thus, 2111 Ro(z) is the
rate in which jobs are assigned to (1,1)—servérs when z.; > 0. It remains to model the rate in which jobs
are assigned to (1,1)-servers when z.; = 0. Since we aim at building a deterministic model ‘consistent’ with
the stochastic one, to model the rate of job assignments to (1,1)-servers when z.; = 0 one should take into
account the fluctuations of order 1/N that appear when RY (t) = 0. The term G, (z) given in is indeed
such rate, and again it will be the outcome of the stochastic analysis developed in Section [

The following proposition will be proven in Section [4]

Proposition 1. Fluid solutions ezist.

2.3 Connecting the Markov and the fluid models.

Our first result is the following connection between the stochastic and the fluid models.

Theorem 1. Assume that XV (0) — 2° € S almost surely. With probability one, any limit point of the
stochastic process (XN(t))tE[O7T] satisfies the conditions that define a fluid solution.

In view of this result, proven in Section[d] a fluid solution may be interpreted as an accurate approximation
of the time-dependent dynamics of the finite stochastic system X% (t), provided that N is sufficiently large.
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Figure 3: Numerical convergence of the stochastic model X (¢) (continuous lines) to the fluid model z(t)
(dashed line).

Given x € S, let us define the functions
def o def o
Ls(x) =Y im.  Lu(z) =) ju
i=1 j=1

We notice that L£g(X™(t)) represents the number of jobs in the system at time ¢ scaled by N and that
L7 (XN (t)) represents the number of jobs scaled by N the load balancer belicves are in the system at time .
Since the system is symmetric with respect to the servers, the function Lg(X™ (t)) is also interpreted as the
average number of jobs at time ¢ in each queue.

It is clear that Las(z) — Ls() =3 ;50254 —9)zs; > 0, which is to be expected because (-, j)-servers
can not contain more than j jobs by definition.

The following corollary of Theorem [I] is immediate.

Corollary 1. Let z(t) be a fluid solution. Assume that (x(t))ieo,r) is a limit point of (XN (t))iepo,r) with
probability one. Then, (Ls(x(t)))iecpo,r) and (Lar(z(t)))ieor) are limit points of (Ls(X™N(t)))iejo,r) and
(EM(XN(t)))te[O,T], respectively, with probability one.

We complement Theorem [T] and Corollary [I] presenting some numerical simulations to support the claim
that the fluid model provides a remarkably accurate approximation of the sample paths of X~ (t) even
when N is finite and relatively small. Assuming d = 2, Figure plots the time dependent dynamics of
XN(t) and x(t). At time zero, we have chosen X (0) and 2(0) such that XJ),(0) = x0,0(0) = 1, which
means that all servers are idle and the load balancer is aware of it. Each curve on these plots is an average
over ten simulations. The fluid (stochastic) model is always represented by dashed (continuous) lines. In
the picture on the left (A = 0.45), we set N = 100 and notice that the fluid model already captures in an
accurate manner the dynamics of XV (¢), which turn out to be concentrated more and more on just three
components: namely (0,0), (0,1) and (1,1). Matter of fact X{(t) + X§',(t) + XV, (t) gets closer and closer
to 1 when both N and ¢ increase. In the picture on the right (A = 0.9), dynamics are distributed on several
components and for convenience we have plotted £5(X ™ (¢)) and its fluid model counterpart Lg(z(t)). We
notice that Lg(x(t)) almost overlaps the trajectory of Lg(X™(¢)) already when N = 1000. This size is in
agreement with the magnitude of modern distributed computing such as web-server farms or data-centers,
as they are often composed of (tenths of) thousands of servers.



3 Main results

In this section we focus on fluid solutions and investigate optimality and stability properties. First, we are
interested in fixed points.

Definition 2. We say that a fluid solution x(t) is a fixed point if b(z(t)) = 0 for all t.

When fluid solutions are fixed points, we drop the dependency on t.

Let us define j* as in and for simplicity let us assume that I > j*.

The next result, proven in Section [5.1} establishes the existence and uniqueness of a fixed point and says
that its mass is concentrated only on coordinates of the form (7, j*) and (¢, 5* + 1).

Theorem 2 (Existence and Uniqueness of Fixed Points). There exists a unique fized point, say x*. It is
such that x* ;. + 2% ;.1 =1 and

1
TESYIE
g g F 20 e = 1= A (11b)

Mah o= (1+d)(1—A) — (11a)

In the fixed point, our first remark is that queue lengths are bounded, by j* 4+ 1. As we show in our proof,
an explicit expression for z* seems to be difficult to obtain, though it can be easily computed when A and d
are fixed numerically. In fact, in Section we provide an explicit expression for 7 ; when (4, j) # (5*,j*)
as a function of x%. ;., and identify z%. ;. by means of a polynomial equation of degree j* + 1 (see )

A case of particular interest is when j* = 0, which given occurs if and only if A < 1 — 1/d, where we
have the following remark.

Remark 1 (Asymptotic Optimality). If X < 1 —1/d, then Theorem |4 implies that x5, = 1 — X\ — 1/d,
x5, = 1/d, x7; = X and =} ; = 0 on the remaining coordinates. Thus, provided that dynamics converge to
x*, we have shown that a load balancer implementing SQ(d, N ) is always aware of the fact that some servers
are idle when N — oo and t is sufficiently large because xg o, > 0. In this scenario, the load balancer can
certainly assign each incoming job to one of such idle servers, and the job itself would incur zero delay. This
is in fact the ideal situation for any arriving job and in this sense we say that SQ(d, N) is asymptotically
optimal.

The next proposition provides further insights on the system performance at the fixed point z*.

Proposition 2. Let z* as in Theorem[3 Then,

1
Ly(z*) = Lg(z*) + p (12)
and . 1
*x_ D < *\ <k )
J g L) < - gt (13)

Proposition [2] proven in Section[5.2} provides simple bounds on the average number of jobs in each queue.
It also says that there is a fluid mass equal to 1/d that the load balancer will never spot. In other words, the
samplings performed by the load balancer at each arrival will correctly build the true state of the system up
to an (absolute) error of 1/d.

In Remark [I} we discussed the asymptotic optimality of SQ(d, N) postulating some form of stability for
fluid solutions when ¢ — co. The next result shows that fluid solutions are indeed globally stable and that
convergence to z* occurs exponentially fast, provided that A < 1 —1/d.

Theorem 3 (Global Stability). Let x(t) be a fluid solution. If A < 1—1/d, then there exist & > 0 and 5 > 0
independent of t such that
lat) - 2]l < ae™?, Vi (14)

where || - || is the Euclidean norm.



The proof of Theorem [3]is given in Section [5.3] and is based on the following ‘Lyapunov-type’ argument.
When z0(t) = 0, we first show that Lg(z(t)) < A —1 + L. which implies that Lg(x(t)) decreases with
derivative bounded away from zero. However, since Lg(x(t)) > 0, z¢,0(t) must necessarily increase in finite
time, and when it does we show that x(¢) is uniquely determined by the unique solution of a linear ODE
system of the form & = A(x — z*). At this point, follows by standard results of ODE theory. When
A > 1—1/d, a generalization of this argument is complicated by the involved structure of z* and the fact
that Lg(z(t)) is in general not monotone. However, we conjecture that 2* remains globally stable. This is
also confirmed by the numerical simulations shown in Section [2.3

4 Connection between the fluid and the Markov models

We now prove that the sequence of stochastic processes {(X™(t));e(0.7]}%_q converges almost surely, as
N — 00, to a fluid solution, for any T > 0. This proves Proposition [l and Theorem

Our proof is based on three steps. First, we construct the sample paths of the process XV (¢) on each pair
of coordinates. This is achieved using a common coupling technique that defines the processes (X~ (t))eefo,m)
for all N € Z, on a single probability space and in terms of a finite number of “fundamental processes”.
Then, we show that limit trajectories exist and are Lipschitz continuous with probability one. This is done
by using standard arguments, e.g., Gamarnik et al. [7], Tsitsiklis and Xu [19], and Bramson [2]. Finally, we
prove that any such limit trajectory must be a fluid solution, which is the main difficulty. This last step is
based on technical arguments that are specific to the stochastic model under investigation.

4.1 Probability space and coupled construction of sample paths.

We construct a probability space where the stochastic processes {(X (t))tefo.r)} n>a are coupled. All the
processes of interest will be a function of the following fundamental processes, all of them independent of
each other:

e N, (t), the Poisson processes of job arrivals, with rate A, defined on (Q24,.44,P4);
e Ni(t), the Poisson processes of potential job departures, with rate 1, defined on (p, Ap,Pp);

o VP forall p=1,...,d, (Wy)n, (Uyn)n, where the random variables VP, W,, and U,, for all n and p,
are all independent and uniformly distributed over the interval (0,1]. These are selection processes:
(V;P),, will select the servers to sample at each arrival (see Line 5 of Algorithm [I)), (W,,),, will be used
to randomize among the servers having the lowest observations (see Line 8 of Algorithm (1) and (U,,),,
will select the server that fires a departure. These 2 4 d processes are defined on (Qg, Ag, Ps);

e (XV(0))n, the process of the initial conditions, where each random variable X~ (0) takes values in S,
defined on (€, Ao, Po).

Each process {(X™(t))iejo,r)}, with N > d, can be constructed on (2, A,P) = (Q4 x Qp x Qg x
Qg, Aa x Ap x As x Ag, P4 x Pp x Pg x Py) by using that N\(Nt) =g Nan(t), where =4 denotes
equality in distribution. This equality ensures that the Poisson process with rate AN, which represents the
arrival process associated to the N-th system, is coupled with the fundamental Poisson process N (t). Since
N1(Nt) =4 Nn(t), this coupling is also used for the processes of potential job departures.

Now, let tY* and "1 be the times of the n-th jump of the Poisson processes Ny (Nt) and N;(Nt),

respectively. Let also X}Y;(¢7) ef limgye X}V (s) and XV (t) def D isi X{N:(t). In view of the coupling discussed
above, we can construct Xy (t) as follows

N N 1 M vP)
Xoo(t) = Xo0(0) + N ; I;H(Jgg\,’o(tﬁ"%),Xé‘,’.(tiY‘*’)] (15a)
1 N (Nt) d o
+ N — (1{Xé\fg(tfy‘k_)=0}1)1:[1][()(':5(&,;)_’1] — 1) . (15b)



In the above expression, the term corresponds to the action of sampling d servers and the term
(T5b) corresponds to the action of assigning each job to a server. At the arrival of the n-th job, tN:* the
proportion of (0,0)-servers increases by k/N if k (0, j)-servers, for any j > 0, are sampled, which justifies
the term in , and decreases by 1/N except when such proportion is zero immediately before t)** and
no idle server is sampled at time t2>*, which justifies the term in .

Using the random variables W,, and U, an expression similar to (15 can be written for Xf\g (t) when
(i,7) € {0,1,...,I}2. Towards this purpose, let us define

1 1—1
ef ef ef
Nty =S XN, SN =3 XN ) Z (1), ZNH =Y XN, (16)
7=0

i'=0 31> k>i

which respectively represent i) the proportion of servers that the controller believes have at most ¢ jobs, i)
the proportion of servers with at most ¢ — 1 jobs, or i jobs but with observation less than or equal to j and
ii1) the proportion of servers with at least ¢ jobs, and

AN def 1 AN def el def
7]71_7 N - —Jn ZMJTL’ ZM»JTL
N & LS (N A

L yJ— l(t" />]

ISH

We notice that MY,

i,5,n°?

MN and M ., are the scaled-by-N numbers of (i, j)-, (-, j)- and (7, -)- servers sampled
immediately before time t,]y A respectlvely. Furthermore, let also

def (Wi (XN (e A )4~ M)

EN I : 17
b (Zhzo X, )= Mk,,,mZ?c:oX;?fj(tﬁ” =My, L] (7
if i < j, and
N def ((Wa (XN AT+, — MY )

F]j n (EJ 1 XN (tN A—) Mk A anN (tN A—)+MJ R M;V"] (18)
if j > 1. For all ¢ < j, the random variable FZE », Will be used to handle the randomness in Line 8 of
Algorlthmland thus perform a JOb assignment to a (%, j)-server, which needs to be chosen in the set of (-, j)-
servers. Specifically, we will use F% ijn» With ¢ < j, in the scenario where RN, (tNA7) =0 and M} jr.n = 0 for

all i/ < i and 5/ > ¢, that is the case Where the load balancer memory contains no observation less than j and
no server containing less than j jobs is sampled immediately before ¢'**. In this case, according to SQ(d, N),
the n-th job must be routed to a random (-, j)-server, provided that such a server exists. This randomness

is captured by the uniform random variable W, and we notice that N (X (t)"*~) + MN M; N ) is the
number of (-, j)-servers, or equivalently the occurrences of j in the memory of the load balancer at the
arrival of the n-th job and after having performed the associated sampling of the states of d random servers.

Within these conditions, the job arriving at time ¢** is routed to an (i, j)-server if and only if F, FN. n =1L
Provided that i < j, the following formula constructs the process X* (¢) on coordinates (i, 5)
N1(Nt)
X550 = X500+ 5 ;1 ]Igbjl SN SXN N SN, () (192)
1{2>0} NIZJ:W @) (19Db)
(SN, (g ' 7) =X N (801 7), SN (e )
1 N)\(Nt d ey
—~ ;H(SN AT =XN (0T, SN ()] (19¢)
RS
N Z Ly @ =)=0) Fijn H I 1) (19d)
1{’>°} sz:w) 1 FN f[ 1) (19¢)
{RY N )=0}""i—1j-1n o (=28, (2?70
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1{ _risoy AR v
J=1,i> N 4
+ Z Ly o¥amy—gyF 1MHH<1—Z§V(5W—>,1]' (19f)

p=1

The summations in and refer, respectively, to job departures from (i+1, j)- and (i, j)-servers, the
summation in refers to the case where k (4, j)-servers are sampled (as soon as k: of them are sampled,
they become (i, z) servers, and thus X ]\g decreases by k/N), and the summations in and (19¢) refer to
the case where a job is assigned to an (¢, j)-server and to an (i — 1, j — 1)-server, respectlvely We notice that
a job can be assigned at time ¢)\** to an (4, j)-server only if the memory contains no server with observation
less than j — 1 immediately before t)* (i.e., Rév_l(tﬁ/”\_) = 0) and no (¢, j')-server, for some i’ < ¢ and for
any j’, has been sampled at time ¢)**. Summation covers the boundary case where j = I and has the
same intuition of term .

Similarly, when i = j > 1, we have

N1 (Nt)

1 U,
Xz],\i(t) = Xz],\i(o) - N Z HES£1 LY SN (] (20&)

NA(Nt d

Z Z (SN (t“*) SNt 7)) (20)

n=1 p=
NA(Nt)

Z Lo, iy A4, i
Ly 1}NA(M) D)
1> N \%d

i D D ATl | ARt (20d)

n=1 p=1

1{z 1}

NS0} (20c)

Liicny MY a vp)
1< .4
TN nzl 1{R{\’_ NATy= 0} i,i,n ]IH(I—Z{V(th‘*_),l] (20e)

N (Nt)
l{z I} N vr)
Z LRy @)= O}FI—LMHH@ ZN YA ] (20f)

The summation in (20a)) refers to job departures from (i,%)-servers, the summation in (20b)) refers to the
sampling of k different (4, j)-servers, which become (i,%)-servers immediately after sampling. Finally, the
summations in (20c)) and (20€)) refer to jobs assignments and have the same intuition of (19d]) and ((19¢]).

4.2 Limit trajectories are Lipschitz.

With respect to a set of sample paths w having probability one, we show that any subsequence of the sequence
{XN(w,t)}n contains a further subsequence {X™*(w,t)}) that converges to some Lipschitz continuous
function x. This proves tightness of sample paths.

First, let us introduce the following formulas for quick reference. These can be proven in a straightforward
manner using the strong law of the large numbers and the functional strong law of large numbers for the
Poisson process.

Lemma 1. Let T > 0 and a,b € [0,1]? such that ax < by, for all k =1,...,d. There exists C C ) such that
P(C) =1 such that

lim sup |+Ny(Nt, M| =0, lim sup |+MN(Nt,w)—t| =0,
N—>°°te[0T]|N ( w) = Al N—’Wte[OT]|N i “) |
1o o (v >> VA @) .
KT D9) SE i) SIS S D 1 KRy 1 (08
n=1p= n = p=

for allw € C.

11



In the following, we will work on the set C introduced in previous lemma and we will also often use that

NA(Nt w) d ( @) _ d
. VP (w
ngnoo N Zl H (ak,bk] H (b — ax)
n= p=1

by the renewal theorem.
Let 2° € [0, 1], sequences R,, . 0 and ~, } 0, and a constant L > 0 be given. For n > 1, let also

N(RvaNaLaxO) déf {1’ € D[OvT] : |£U(O) —SIJO| < RN; |1.(a’) —{I?(b)| < L|a’_b| +IN, Va,be [OvT}}

and

def

E.(L,2°) = {z € D[0,T] : z(0) = 2°, |z(a) — z(b)| < Lla — b|, Va,b € [0,T]}.

The next lemma says that the sample paths along any coordinates (i,j) is approximately Lipschitz
continuous. The proof is omitted because follows exactly the same standard arguments used in Lemma 5.2
of Gamarnik et al. [8], which basically use the fact that the jumps of the Markov chain of interest are of the
order of 1/N and that the evolution of such Markov chain on a given pair of coordinates only depends on
the evolution of such Markov chain on a finite number of other coordinates.

Lemma 2. Fiz T >0, w € C, and some 2% € S. Suppose that || XN (w,0) — 20| < Ry, for some sequence
Ry 1 0. Then, there exists sequences Ry | 0 and vy | 0 such that

XN (w,") € EN(Ry, N, L,a%), V(i,j) € Zt :i < j,¥N
where L = \d + 1.

The next proposition says that the sample paths along any coordinates (i,7) are sufficiently close to a
Lipschitz continuous function. The proof is omitted because follows exactly the same arguments used in the
proof of Proposition 11 in Tsitsiklis and Xu [19]: it uses Lemma [2| and topological properties of the space
E.(L,z°%), i.e., sequential compactness (by the Arzela-Ascoli theorem) and closedness.

Proposition 3. Fiz T > 0, w € C, and some 2° € S. Suppose that | XN (w,0) — 2°|| < Ry, for some
sequence Ry | 0. Then, every subsequence of {XN(w,)}¥_; contains a further subsequence {X™N*(w, )},
such that

lim sup \X Mw,t) —a;;(t)] =0, Vi,j>1

k=00 1ei0,1]
where x; ; € E.(1+ \d,2°) for alli,j > i.

Since Lipschitz continuity implies absolute continuity, we have thus obtained that limit points of XV (¢)
are absolutely continuous, and it remains to show that the partial derivatives of x(t) are given by the
expressions in Definition [T}

4.3 Limit trajectories are fluid solutions.

To conclude the proof of Theorem [1] it remains to show that any limit point is a fluid solution, i.e., it satisfies
the conditions given in Definition [I] This is the main technical difficulty.
Fix w € C and let {XVx (w, t)}72; be a subsequence that converges to 7, i.e.

lim sup || XVE(w,t) —Z(t)] = 0. (23)

k=00 tejo, 1]

Since T; ; must be Lipschitz continuous for all 7 and j by Proposition it is also absolutely continuous and
thus it remains to show that

T 4(t) = lim & Tim XN+ e) = X () = b ;(z(1), (24)

e—=0 € k—oo

whenever ; ;(-) is differentiable. This will be done in the following subsections. Now, we introduce the
following technical lemmas.
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Lemma 3. Fizw €C, € > 0 and let hold. Then, for all i,j and t,
| XVE(u) — T (t)] < 2Le, Vu € [t,t+¢]
for all k sufficiently large, where L = Ad + 1.

Proof: By Lemma there exists a sequence 7y, | 0 such that Xz]\;’“ (w,u) € [@,;(t) —eL —yn,, Ti ; () +
eL +yn,], for all u € [t,t + €]. Thus, for all k sufficiently large, Xf?[j’“ (w,u) € [Ti,;(t) — 2eL,T; ;(t) + 2¢L], for
all u € [t,t + €], as desired. O

As a corollary of Lemma [3] we obtain

SN (u) — 55,;(F()| < Ce, Vu€[t,t+¢] (25)

for all k sufficiently large, where C <ef 2L(1 +1)2.

Remark 2. In the following, we will work on any fived trajectory w € C but we will write X N*(t), instead
of XNe(w,t), for simplicity of notation.

Lemma 4. Fiz w € C and let hold. Then,

1 Ni(Ni(t+e)) d wr)
. . VP _ o
b o N%\; t>+1;;H<S§,V}° () e, ey = AT () (262)
n=Nx(Ng =
N1 (Ng (t+e€)) )
. . Un — T .
by o €N, N%v: bt H(sﬁf (A7) XN (RN N (kA T T ®). (26b)
n=N1(Ng
Proof: Given in the Appendix. a

4.3.1 Fluid solution on coordinates (0,0).

The next lemma explicits the derivative of T ¢(t) when Zg o(t) > 0. It also implies that Zg o(-) is differentiable
when strictly positive.

Lemma 5. Fizw € C, let hold and assume Too(t) > 0. Then,
§070(t) =-\+ d)\(fo,‘(t) — foyo(t)). (27)

Proof: Choose € > 0 small enough such that T o(t) — 2(I + 1)eL > 0 where L = Ad + 1. Such ¢ exists
because Too(t) > 0 by hypothesis. Since t)**~ € (¢,t + ¢ when n € {Na(Nit) + 1,...,. Na(Ni(t +€))},
Lemma [3] implies that for all k£ sufficiently large we must have

1{Xé\,’§(t5’“’kf)>0} =1, Vne{Ni(Ngt)+1,.... Na(Np(t+¢€))}.

Thus, using , we obtain

1 Na(Ne(t+e)) d W
: N, N IR TN . £
Jon Xo§0+O - X0 =i mm D D T ey o ey
n:./\/}(th)+1 p=1 ’ ’
A direct application of Lemma [4] concludes the proof. a

The next two lemmas give properties on the boundary where T () = 0.

Lemma 6. Fiz w € C, let hold and assume Too(t) = 0 and dTo,.(t) > 1. Then, t is not a point of
differentiability.
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Proof: First of all, we notice that

lim > lim X0t +e) = XP6(t) > — X+ dA\(@o,.(t) — Too(t)). (28)

el0 € k—oo

This holds true because

1 NA(Nk(t-‘re)) d Vp
X5+ - X060 > — Y }ﬁ(; N ¢ (29)
N 0 [) X(]’. (tn )]
n=~Nx th)-i-l p=1

which is obvious given (15)), and because the RHS of (29), once divided by €, converges to —X + dA(Zo,.(t) —
To,0(t)), by Lemmas |1 and |4} in the limit where k — oo first and € | 0.

Now, assume by contradiction that t is a point of differentiability. In this case, the limit in the LHS of
[28) exists and must be equal to Zo (). Furthermore, if o .(t) > 1/d, the RHS of is strictly positive
and thus T o() must be strictly positive as well. On the other hand, it is not possible to have Zg (t) > 0
and Tp,0(t) = 0 because the function Zg is always non-negative. This contradicts that ¢ is a point of
differentiability of Zo (). O

The next lemma says that the limit trajectory Zp ¢ remains on zero in a right neighborhood of ¢, provided
that fo,o(t) =0and 0 < f()’.(t) < l/d

Lemma 7. Fizw € C, let hold and assume Too(t) =0 and dTo.(t) < 1. Then,
35> 0:Too(t') =0, V' € [t,t+ 4] (30)
Proof: Assume that is false. Then, there exists a sequence t,, | t such that ¢,, > t,+1 >t and
To,0(tn) > 0 and fo,o(tn) >0

for all n. By Lemma we have Zo,0(tn) = —A + dA(To,.(tn) — To,0(tn)) and thus To.(t,) — To,o(tn) > 4, for
all n, and by continuity

inf o, (t2) — Foolin) > 5. (31)
Thus, we get
Zo,.(t) — To,0(t) = nlg{.lo Zo,. (tn) — To,0(tn) > iInlffo,(tn) —To,0(tn) > %
This contradicts the hypothesis. a
Summarizing,

e when T (t) > 0, we have proven that Zoo(t) = boo(Z(t));

e when T .(t) < 1/d and T o(t) = 0, we have proven that T o(t) remains zero on a right neighborhood,
and thus if ¢ is a point of differentiability, then 0 = Zoo(t) = bo,0(Z(t));

e when T .(t) > 1/d and Ty (t) = 0, we have proven that ¢ is not a point of differentiability;

o when % .(t) = 1/d and Ty o(t) = 0, either ¢ is not a point of differentiability or it is. In the latter case,
we must have Too(f) = 0 because Tqo is a non-negative function and since also by o(Z(t)) = 0, we have
indeed Too(t) = boo(Z(t)) as desired.

Thus, To,0(t) = bo,0(Z(t)) almost everywhere.

4.3.2 Fluid solution on arbitrary coordinates.

We now prove that T, j(t) = b; j(Z(t)) almost everywhere with respect to arbitrary coordinates (i, j). This
requires a more in-depth analysis of the stochastic process X7 ().

Let
o Na (N (t+€)) d .
R;(t) = lim lim —— § Ly Ny NpA— I , (32)
€ ) R 5 (tn =0 s
koo N Lo {Rr}™( ) } Lz )
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which is interpreted as the proportion of time where the process R;-V *(tNv:A=) remains on zero in the interval
[t,t + €] while the load balancer keeps sampling only (j/,-)-servers for all 7/ > j in the lim, g limj_, o limit.
In the following, we show that R;(¢t) = R;(Z(t)), where R; is given in Definition

The structure of Ry is easily obtained as a corollary of the analysis developed in previous section.

Lemma 8. Fizw € C, let hold, and assume that T(t) is differentiable. Then, Ro(t) exists and is given
by
Ro(t) = A1 = dTo,.(t)) Lz o(1)=0} L{amo, (1) <1}- (33)

Proof: First, we notice that if Zo o(t) > 0, then necessarily Ro(t) = 0. In fact, if for any j, >7_ 7. ;(t) > 0,
then we can find € > 0 such that > 7_, 7. ;(t) —2L(I+1)%€ > 0. Since t)**~ € (¢,t+¢€] when n € {N\(Nyt)+

 Na(Ng(t +€))}, Lemma (3| implies that for all k sufficiently large we must have R;V"‘ (tNeA=) > 0, and
therefore R;(t) = 0 in this case.

Thus, assume that Too(¢t) = 0. In this case, since ¢ is a point of differentiability, we necessarily have
Zo,0(t) = 0 and, by Lemma [6| necessarily dZy,.(t) < 1. This gives the indicator functions in (33)). Further-
more, recalling the structure of Xé\fo(t) given in , we have

0=, O(t)
=lim - lim X% (¢ XVt
Elﬁ)leklm 0.0 (t+e€) = Xo5(t)
1 NA(Nk(t-i-e)) d (VP)
BE TS D DR TR T HH ” R DU PR
n=1+N>\(th) 0, p=1 ? ’

= /\d(§07.(t) — 5070(1*,)) -+ Ro(t),

In the last equality we have used Lemma 4] and the definition of Ry. This equation gives . a

The next lemma provides an expression for R;(t) for all j and shows that R;(t) = R;(Z(t)). Our proof,
given in the appendix, is based on Lemma [8] which allows us to establish the existence and find the structure
of R; in an iterative manner.

Lemma 9. Fizw € C, let hold and assume that Z(t) is differentiable. Then, for all j, R;(t) exists and
is given by

J

Ri(t)=0V A (1 — dZ(j +1- z)xl(t)> 1{25’-:01_#@):0}. (34)
i=0

For any ¢,j > i, let us define

1 Na(Ni(t+e))

d
Ek} def N ( )
F () A Z 1 RNE (N2 "y=0 FJ:‘1”H]IIZ
Ne (Nit)+1

n=Nx(Ng

_ 35
7+1( Nk * )71] ( )
and T'; ;(¢) def lime o limg— o0 Fff(t), which is interpreted as the proportion of time where the process
R;.V’“ (tNx:A=) remains on zero in the interval [t,t + €] while the load balancer samples (j',-)-servers only,
for all 7/ > j, and assigns jobs to (i,j + 1)-servers only when the proportion of (-, j + 1)-servers vanishes in
the lim, | limg_; oo limit.

The next lemma, proven in the appendix, gives an expression for I'; ;(t) when T. ;11 (¢) > 0 and will allow

us to identify the limit behavior of terms ((19d))-(19f) and (20d)-(201).

Lemma 10. Fiz w € C and let (23) hold. Assume that T(t) is differentiable and that T. j11(t) > 0. Then,
Tij+1(t)
I'; i(t) = = R;(1). 36
7.7( ) 1’.’j+1(t) ]( ) ( )

for alli,j such thati < j+ 1.
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With the lemmas above, we can identify the asymptotic behavior (in the limejglimg_, o limit) of each
summation appearing in the expressions of X Z]\;’“ (t+e)— Xz]\?“ (t) and Xz]\i’“ (t+e)— X Z]\Z’“ (t) that are obtained
using and , respectively.

Let us first treat the case i < j.

Applying Lemma [10]in (19), when Z(¢) is differentiable we obtain

u(8) = lim ¢ Jim XN(t+ )~ XD (0)

e—0 € k=
=Tit1,5(t) — Lis0yTi (1) — AdT, 5 (t)

:['Lﬂ(t)
- R; 1=
f.)j(t) J— 1( ) {z. ;(t)>0}

Ti-1,5 l(t)R

+ 1{1>0}ﬁ i—2(t) Lz, (1)>0}
xl ll(t)
+1lg—ri>00— 0 Rr-1(t) 1z ;>0
+lim lim —T00 (Ol 5 =0y + Til1m2 (O im0 3 5 =0y (37a)

where the first three terms follow by applying Lemma (4| to terms , and . Now, assume
t =0 and j > 0. Then, if Z;/:O Z.j/(t) = 0, then the first six terms of previous equation and the second
summation term in are equal to zero, and if in addition ¢ is a point of differentiability, then necessarily
Zi;(t) = 0 (because Z; ;(t) = 0), which means that necessarily

I Jn T Oz -0

exists and is equal to zero. Assume ¢ > 0 and j > 4. If Z?/:o T. j+(t) = 0, then the first six terms of previous
equation again coincide with zero and if in addition ¢ is a point of differentiability, then necessarily

€,k
lim lim ~T05 (D15, = =0 + Til1i-2(0 o, 5300 5 =0) (38)

exists and is equal to zero. Furthermore, if Zg;lo Z.j(t) =0and 7. j(t) > 0, then still exists and is equal
to zero as a consequence of the fact that we have inductively shown that lim, o limy_, oo Fgfl,j—Q () 1is0m. ;1 (1)=0} =

0. Therefore, the limit in (37a)) is always equal to zero. We have thus shown that T; ; = b; ;(T; ;) when i < j.

The case i = j > 0 is treated in a similar manner. Let G&*(t) o Lisi, oz ./(t):O}F?zk—l(t) and
= d )

G ¥ a, (t ) = hmew limg 00 G5 "(t). In the following, we show that G;(t) = G;(Z(t)), where G; is given in

Definition [Il
Applying Lemma 4] to handle terms (20al) and (20b]), rewriting term (20c) as

Loy >yt my, >0y =F — Loy e —op s, My, =0y
d
R V)
{Xo,g(tn’“’ ):0} (1 ALTCN S Rk

and applying Lemma [10| to handle terms (20d)), (20e) and (20f]), when Z(¢) is differentiable we obtain

= — - Ny Ny
Ti4(t) = li% - Jim X7 F(t+e)— X)) (39a)
= —T;i(t) + (T, () — T3 4(1)) (39b)
+ 1213 (A — Ro(t)29) (39¢)
1 1 t
T B e T (39d)

T i— 1(t)
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T (t)

— 1{i<I}Ri—1(t) f.yi(t) 1{5.,i(t)>0} (39¢)
ZTr—1,1(t)
1 Ry_1(t) —=——> 1% 39f
+ 1= Rr-1(t) 710 LEa>0) (39f)
. . e,k €,k
+lim lim G (1)< + G5 (11 (39g)

Now, assume that ¢ = 1. If ¢ is a point of differentiability and Zoo(t) + Z.1(¢) = 0, then we must have
T1,1(t) = 0, and thus necessarily

Gi(t) = (AdT1,.(t) + A — Ro(t)) Lizo o ()47 1. (6)=0} = A (T1,.(t) + To,.(t) Lizo o(t)+7. 1 (6)=0}-

In the last equality we have used Lemma [§] and that dZo .(¢f) < 1, which holds true because ¢ is a point of
differentiability (Lemmas@and. Wheni =2,...,I-1, iftis a point of differentiability and Z}:o T. () =
0, then necessarily 7; ;(t) = 0 and proceeding in an iterative manner, we obtain

Git) = (Gimr(t) + AT, (1) Lisvi, 7 =0p = ML,z L1)—0) Z Ty (t).
—

The following two lemmas are a generalization of Lemmas |§| and [7| and show under which conditions Z(t)
is differentiable. The proofs use the same arguments in those lemmas and therefore they are omitted.

Lemma 11. Fizw € C, let hold and assume Z?/:o Z.y(t) =0 and dZZ:O(j +1—14)z;.(t) > 1. Then,
t is not a point of differentiability.

Lemma 12. Fizw € C, let hold and assume Zg':o Z.;(t) =0 and dzgzo(j +1—14)7;.(t) < 1. Then,
J
36>0: Y T () =0, V' € [t,t+6]. (40)
=0

Now, we notice that the expressions of R;(t) and G;(t) obtained so far assumed that ¢t was a point of
differentiability. However, if Ej/:o Z. j/(t) = 0, previous lemmas say that this can only be true if d>7_,(j +
1 —4)z;.(t) < 1. Thus, those expressions make sense only in that case. This does not change the structure
of R;(t) obtained in because

R;(t) x l{dZ{ZO(jJrlfi)Ei,.(t)Sl} = R;(t) = R;(T(t)).
but on the other hand we must have G;(t) = G;(Z(t)), where g; is defined in (10). We have thus shown that
Zii(t) = bii().

5 Proofs of Theorems 2 and [3

Let us introduce the intervals ot
I, = [N, Anp1) . Yn>0

where A§ = 0 and A}, for n > 1, is the unique root in (0, 1] of the polynomial equation
(I1-2)(zd+1)" =1.

The first values of A;, are A\j =1 — % and A\ = 1 — L + (/% + 5. We notice that j*, defined in (I), is the
unique integer such that A € Z;». In fact, A € Z,, if and only if

_ log(1—A7) - log(1 —A)
~ log(Ard+1) = log(Ad +1)
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and

log(1 — A% 41) _ log(1— )

1=-—
T T Tlg(vdt D) C gt 1)

log(1-X) | _ ;%
log()\dJrl)J =7

Let x(t) be a fluid solution. Since the x; ;(t)’s are absolutely continuous, both Lg(z(t)) and Las(z(t)) are
absolutely continuous as well, and thus almost everywhere differentiable. When ¢ is a point of differentiability,

it is clear that s .
= Zibi,-(w(t))a La(x(t) = Zjb-,j(w(t))~ (41)

The following trivial lemma gives a differentiability property of fluid solutions.

Lemma 13. Let 2(t) be a fluid solution. If Zf:o z.;(t) =0, then t is a point of differentiability if and only
if

which thus implies n = {—

di(j +1—d)z;.(t) <1 (42)

The following proposition will be crucial to prove both Theorems [2] and [3]
Proposition 4. Let x(t) be a fluid solution. If t is a point of differentiability, then
Ls(x(t)) = 0. (t) — 1+ A (43)
Proof: Let j*(t) def min{j > 0: . ;(t) > 0}. To prove (43), we consider the cases j*(t) > 1 and j*(t) = 0

separately. Let us drop the dependency on t for notational simplicity.
First, assume that j* > 1. Using Definition [I} we obtain

X
by (x) =xo,. — 21 + Ao, — Ro(x)ﬁ 14 ,50p — Gi(2) (44a)

)

$o 1 x1,5 Zo, 1
+ZRJ 2 d= 1{95 o150} — Rj—l(ﬂf)# l{w.,j>0}+1{j:I}RI—1(x)x71 14,50y (44b)

j>2 ©J )

Tig LTj—1,i—
b (x) =2ip1, — ;. — Ri—1(z ) l{x >0y F Rica (@) =10, sy + Gic1(2) — Gil@)1ary  (44c)

si—1

m’L , Ti—1,I
+ D Rya(a) == 1{z.,j71>0} ~ Ry (@) 2 g oy + LR (@) " 1 s, (44d)
5j—1 T 5 X. 1
j>i+1 > s
that is,
bz,(l‘) =Ti41, — Tq,- — )\dl‘l, + Rj*_l(l‘)w — Rj*_l(l‘)M, Vi = 1, N ,j* -1 (453,)
T g X j5*
Xix gx Tix_1 5%
bj,.(x) =xje 41, — @j. + Gjo1(x) — Rj*—l(ﬂf);i’_] + Rj*—l(x)jxil’j (45b)
g% %
Toiv ix
bjs11,.(2) =Tjrt2,. — Tjey1,. + Rje—1(2) ; 5 (45¢)
VA
bl,(I) :xi-i-l,' — .CC@., VZ 2 j* + 2. (45(1)

Since ¢ is a point of differentiability, then d >37_ o +1—14)z;. <1 (by Lemma and thus

J =1 Jj -1

=\ Z Zi. Rj—a(z) =A=MY (j* — i)z, (46)
=0

Substituting these expressions in , we get

Ls@) = i(wirr, —zi)+ > i (—Adxi,. + R~*,1(:c)$ZJ - Rj*l(x)z“*) (47a)

i>1 i=1



i=1

-k I'*,'* .’L"*_L‘*
+ 3 )\d;::o T () — Rje_1 () ;.’j]* +'Rj*_1(m)ﬁ (47b)
TG+ 1)731-*_1(9:):”;*—?* (47¢)
'7J*
Y A G i A Ry a(w) Y ( - ) (47)
i>1 i=0 i=1 L. L.
+j* Rj*_l(x)m +RJ‘*_1(I)M (476)
.’1?.’]'* $.’j*
i =1
=xq,. — 1+ Md Z (]* — Z')l‘i’. + R]'*_l(l’) (47f)
i=0
=z, — 1+ A (47g)

as desired.
Now, assume that j* = 0. In this case, xo,0 > 0 and the drift b(x) given in Definition 1| takes the linear
form

b070($) = -+ /\d(l‘07. — 1‘0,0) (483,)
bo,1(x) =11 — Adwo 1 (48b)
blvl(x) = — 211 +)\+)\d($1, 71‘171) (486)
boj(7) =15 — Adwoz, j>1 (484d)
bm'(x) =Tit+1,5 — Tij — )\d.’lﬁi)j, j>1,1>1 (486)
blﬂ((E) = —Ti; + )\d(!l?l7 — "172'77;), 7> 1. (48f)
By taking summations in (48)), we obtain
bly.(x) :)\"-LUQ’. — I, (49&)
blﬁ(l’) :I¢+17.1{i+151} - Iif Vl Z 2. (49b)
Thus,
Ls(x) = ibi.(x) = A+ Y i1 Lapi<ry — 21) =30 — L+ A (50)
i>1 i>1
where in the last equality we have used the normalizing condition. a

5.1 Existence and uniqueness of fixed points.

Assume that z is a fixed point. Then the system of equations

must be satisfied.

Let j* ef 7*(x) o min{j > 0:z.; > 0}. By Deﬁnition this means that R;(z) = 0 for all j > j*.

If j* = 0, then zo0 > 0 and the drift b(x) given in Definition [I| takes the linear form given in .
Removing one equation from and adding the normalizing condition ), . x;; = 1, we obtain a linear
system composed of (I 4+ 1)(I +2)/2 independent equations and (I +1)(I 4 2)/2 unknowns. It is easy to sce
that z*, where 25, =1— X —1/d, 25, = 1/d, 7, = A and x]; = 0 on the remaining coordinates, is the
unique solution of such system. It is also clear that z* € S and 7, > 0 if and only if A <1 —1/d = A}.
Therefore, in the following we assume that j* > 1.

If holds true, then we must also have

b.i(z) =0, Vi (52)



Using Definition [I, we obtain

b.71($) = — )\dCEO’l — Ro(ﬂ'}) 1{x.11>0} -+ )\d(IL’L. — 517171) + A— Ro(.T) — g1 (.’E) (53&)
bj(x) =Adxj. — M. j — Rj_1(x) 1p >0y + Rj—2(2) 1in ,_ 50y + Gj-1(x) — Gj(x)

I—-1
bor(x) =Ry—2(2) 1z, >0y + Gra1(x) = > Ada; 1. (53b)
1=0

which can be rewritten as

b..;(z) =0, Vi=0,...,57" =1 (54a)
b 7]*<JJ) :)\dl‘j*’. — )\d.’l?’j* — Rj*,1<.’1,‘) + gj*,l(.’l,‘) (54b)
b 7]*+1(1') :)\dxj*+1,- - )\dx.7j*+1 + R‘*,l(if) (54(?)
b.j(z) =Adz;. — Mdz. ;, Vi > g%+ 2. (54d)

Summing for all j > j* + 2, we obtain

I Jr+1
0= > @ —w == > =
J=5*+2 i=0 j>j*42

and since x is composed of non-negative components only, we must have z; ; = 0 when ¢ € {0,1,...,j* + 1}

and j € {j*+2,...,I}. Using this in when j = j*+2, we obtain that necessarily z; j; = 0 for all j’ > j.
Using again this argument when j = j* + 3, we obtain z; ;; = 0 for all j/ > j* + 3, and so forth for all j.
We have thus shown that the only non-zero elements of « can be on coordinates (i, j*) and (4, j* + 1), for
all i < 7%+ 1, and (4,4) for all ¢ > j*. Substituting these properties in , we also obtain bj_1 ;(x) = x; ;,
provided that 7 > 7% + 2. On the other hand, must hold true and therefore z; ; = 0 for all j > j*.
Thus, we have shown that the only non-zero elements of « can be on coordinates (i,j*) and (¢,j* + 1), for
all # < j* + 1. In this case, simplifies to

0 =b; j+ (2) = Tig14- — Limop@ij- — Aday jo — Rj*,l(x)%, Vi< j* (55a)
0 =b;i = 11(T) = Tiy157+1 — L{is0}Ti o1 — AT j= 1 + 1{i>o}73j*71($)%a Vi<j*4+1 (55b)
0 =bje j+ () = —@js j» — Rj*—l(x)% FAA(L = @je jo = Tjo g7 41) (55¢)
0 =bj+t1,++1(2) = —Tjr15541 + Rj*—l(x)mxj_*;i* (55d)

where Rj-_1(xz) = A — Ad Zizgl(]* —4)(xj+ + i j++1) > 0 by Lemma [13| because a fixed point is a fluid
solution that is everywhere differentiable. In the remainder of the proof, we show that the system in
admits a unique solution that satisfies the normalizing condition . j« + . j«41 = 1 and . j« > 0 if and only
if A € Z;-, and that such solution satisfies as well the properties given in the statement of Theorem [2} This
will conclude our proof.

Using that g j« + zo j++1 = 1 — A (by Proposition , equations imply that

0 :boﬁj*((E) + bl,j*Jrl(x) = y1 — )\d(l — )\) — ()\d)2$0’j*+1
0 =b; j=(z) + bit1j+1(2) = Tit1j+ + Tiya o1 — (L+ A (@ j« + Tig1j41), Vi=1,...,5" 1
0 =bjs j=(z) + bjei1j541(x) = Ad(1 — @y o — Ty p1,5o41) — (Tje j* + Tjei1jo41)-

Letting y; def T 5 + Tit1,j++1, the key observation is that

y1 =Ad(1 — \) + (Ad)2wo 41 (57a)
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Y= =Ad(1 —y;+), (57¢)
and we notice that the last equation is autonomous. Previous equations imply that
Y=

Sk __ g — ) = 1 P - - 1
y] (3 (1 + )\d)l, VZ I 7.] (583‘)
Ad
L b
Yt (58b)

and using (57a)) we obtain the equation

Ad
d(1 =N+ M)z joy1 = —r
Ad( )+ (Ad) x4 41 Y
which gives
1
Adzxg jo41 =A— 14+ ——.
Z0,5%+1 + TESYIE
Since it must hold true that x¢ j+ + z¢ j++1 = 1 — A (by Proposition , we also obtain
1
Adxg i« = (1+Ad)(1 — ) — —————=.
o0 = (14 M)~ X) ~ i

Now, in order for such z to be feasible, we need that both z¢ j« and ¢ j-11 are non-negative. Using previous
expressions, it is not difficult to see that x¢ ;« > 0 and zg j«+1 > 0 if and only if A € cl(Z;+), where cl(A)
denotes the closure of set A. B

We notice that the normalizing condition can be written as 1 = g j= + X j*41 + T1 =41 + Zle y; and
using the expressions above it is not difficult to check that it is indeed satisfied.

We now proceed with the construction of the fixed point. Substituting the properties obtained so far, we
notice that

0= bje41,5+41(@) — bje j+ (¥) = 230 j» + 2R 1 (2) 1 —
541 53 3 v 1+

and since necessarily x;- ;« > 0, which is immediately implied by (55¢), we obtain
Rj*_l(:c) _ 1 Ad

—1
T g+ Tje g 1+ Ad

Using this equation in and recalling that xq ;« has been already explicited, we get

1 Ad
0 ZbO,j*(ff) = T1,5* — )\dx(],j* — Zo,j5* (Z‘H)\d N 1)
J*.3%

1 Ad ) .
0 :bi,j* (l’) = Tj41,5% — Lg% — )\dl’@j* — T4 5> (wl—‘,—)\d - 1> 5 Vi=1... ] — 1
and thus,
1 Ad
= Ad—1 —— .
T1,j5 ( + Zj e 11 Ad) To,j
1 1 , 1 1\
i+l =Ad |1 — e =(Ad) (1 —_— .
Tit1,j ( + Tjn 1+)\d) Li,j ( ) ( + Lo o 1+>\d> T1,5
foralli =1,...,j*—1. In particular, when ¢ = j* —1, the last equation allows us to identify =« ;« by means

of the following polynomial equation
vy
def | 1\ j* 2 1 oy 1 X\ 1

F(x« +) = (Ad)? 1+ — M—14 ——— 1+ Xd)(1—N) — ————

(@j0.50) =(Ad) ( * 1+>\d> ( T 1) \ETADI =N = ey
— a)‘j*’j* =0. (61)
Since xiy1,j++1 = Yi — %i = and the value of y; has been already explicited for each i, to conclude the proof
of existence and uniqueness of a solution of , it remains to show that previous equation admits a unique

root in (0,1] when X € Z;«. This property follows easily once noted that lim, o F'(z) = 400, F(1) < 0 if
A € Zj«, and that F(z) is strictly decreasing if A € Z;«.
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5.2 Bounds on fluid mass.
Whenever z(t) is differentiable, and imply

I
Ly =) jb.j(x) (62a)
j=1
:j* ()\dxj*,. — )\dl‘.’j* — Rj*_l(x) + Qj*_l(x)) (62b)
+ (" + 1) (Mdajeqr,. — Adx. joi1 + Rj-—1(x)) (62c¢)
+Md Y . —2y) (62d)
32542
it-1
=X+ MDY imi Ay (s — ) (62¢)
i=0 i>5
=A+AdLs— ALy (62f)

In a fixed point x, we must have L = 0. This condition gives and since z. jx + 2. j+41 = 1 (by
Theorem [2)) we obtain

. 1
:j*+$.7j*+1— —

1 . ) 1
Ls(x) = Lpy(x) — 7= Jax o+ G+ D e — = 3

d
and holds true because z* . ., € [0,1].

5.3 Global stability.

To prove Theorem |3| we first introduce the following lemma.

Lemma 14. Assume A <1 — L. Let z(t) be a fluid solution such that zoo(t) > 0 for all t > 0. Then,
holds true.

Proof: 1f x99 > 0, then the drift b(z) has the linear form given in (48). Thus, if 2,0 (t) > 0 for all ¢ > 0,
then the fluid solution z(t) is uniquely determined by the ODE system

0,0 = — A+ Ad(xo,. — Z0,0) (63a)
To,1 =11 — Adxo,1 (63Db)
10 = —x11 + A+ Ad(z1,. —x11) (63c)
£, =¥15 — Adroj, J>1 (63d)
Tij =Tiq1,5 — iy — x4, §>1,1>1 (63e)
Eis = — @iy + M(2s. —xiy), > 1 (63f)

We have already shown in Section that z* is the unique fixed point of such linear system. The equations
— do not depend on xy¢ and thus form an autonomous ODE system. This means that we can
safely remove the equation and recall that xo(¢) can be uniquely obtained by using the normalizing
condition, i.e., zo,0(t) =1 =232 j)£(0,0) %i,j(t). The ODE system (63b)-(631) has the linear form & = Az +p
where A is a triangular matrix and p is a column vector, and it is clear that the eigenvalues of A are —1, —Ad
and —(1 4+ Ad). Since the eigenvalues of A are strictly negative, it follows from standard results in ODE
theory that 2(t) = 2* 4 e (x(0) — 2*). Thus, follows by the norm bound on the exponential matrix. O

For the fluid solution z(t), either xo(t) > 0 for all £ > 0, in which case Theorem [3| follows directly by
previous lemma, or zg(tgp) = 0 for some t¢, that is the case we study in the following. Without loss of
generality, let us assume ty > 0.

If ¢o is a point of differentiability of g ¢(-), then Lemma [13| implies that dxg.(to) < 1. If ¢¢ is not a
point of differentiability of z¢(-), then we still have dzg.(t9) < 1 because either there exists § such that
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x0,0(t) = 0 for all ¢ € [to — J, to] and the inequality holds true again by Lemma [13|or there exists a sequence
tn T to, n > 1, such that ¢, < tp41 < to where xgo(ty) > 0 and 0 > g o(tn) = d\(@o,.(tn) — z0,0(tn)) — A
(by ) for all n, which implies d\xq .(to) — A = limy, 00 dA(20,.(tn) — Z0,0(tn)) — A < 0.

Lemma (13| also ensures that dzo.(t) < 1 on [tg,00) as long as x,o(t) = 0. Substituting dzy.(¢t) < 1in
([@3), we obtain Lg(x(t)) < 1/d — 1+ A. Since A < 1 — 1/d by hypothesis, this means that xo(t) cannot

remain equal to zero on [tg, 00) because Lg(z(t)) would be decreasing in ¢t with derivative bounded away from

zero and necessarily Lg(z) > 0 for all z. This implies that t* e inf{t > to : zo,0(t) > 0} < oo must exist.

Since x(t) is continuous and b(z) is linear when ¢ > 0, there exists § > 0 such that x o(¢) is both positive
and increasing on (t*,t* 4 6]. This means that 0 < &g () = Ad(xzo,.(t) — ®0,0(t)) — A for all t € (t*,t* + 4]
(by (), which implies limy 4+ 20,.(t) — 20,0(t) = @o,.(t*) > 1/d. On the other hand, on a left neighborhood
of t*, xg . (t*) = limype= 20,.(t) < 1/d, and thus zo.(t*) = 1/d. Summarizing, we have obtained

2o, (1) = &, woo(t) =0 (64a)
1‘070(75) >0, 1‘07.(15) - CL‘070(t) > l/d, Vt € (t*,t* + (5] (64b)

These conditions, together with the fact that b(x) is linear when zoo > 0, imply that also the function

wo () Lof xo,.(t) — 20,0(t) must be increasing on a right neighborhood of ¢*. Thus,

t () = lim o(t) > 0. (65)

On [t*,t* 4 §], we have shown that the fluid solution z(t) is uniquely determined by the solution of the ODE
system where the initial condition x(¢*) is such that and hold true. In the remaining part of
the proof, we study under these conditions and show that xoo(¢) > 0 for all ¢ > t*. This will conclude
the proof in view of Lemma
Without loss of generality and by means of a time shift, let us assume ¢* = 0. By taking proper
summations in , we obtain
wo,. = — Adwo + 21, (66)

)

Now, given that wy(0) = 1/d, ensures that wy(0) = —Adwe(0) + 1,.(0) > 0, which means

21.(0) > A, (67)

By taking proper summations in 7 we also obtain

&o,. = — A+ x1,. (68a)
iIL. :/\—FIQ,. — I, (68b)
T4, :-Ti+17-1{i+1§1} —x;. Vi>2. (68c¢)
and solving for such autonomous ODE system,
$17.(t) =x5 = 1?17[(0) et
{E[,L.(t) = {E[’[(O) et — Trq1,. = (.’t]y[(())t + {E[,L.(O)) et
i t
Tr—i,- (t) =e t Z x17i+j,- (0) F
§=0
foralli=2,...,I — 2, and thus
-2 tj
2o (t) =e" Y 321;.(0) T
j=0
Substituting previous equation in (68b]), we obtain
i =A—mz. et ng_m (0) 7 (69)
§=0
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and solving for such ODE we obtain,

Substituting previous equation in , we obtain

-1
. _ _ tI
0, (t) = (21,.0) = Ve~ + e 3 145, (0)
Jj=1
Integrating both sides, we obtain

1 t .
o,.(t) — p =21,.(0) = A = (21,.(0 e+ Z 301+3, / e *s’ds.
Similarly, substituting in and solving for wg(t), we obtain

1w ()=, 7)\dt oAt e(Ad—1)s
wo(t) = E =+ W (6 — Zx1+J’ . _]' dS

and thus
l’o,o(t) = xo’.(t) — ’wo(t)

_ (0)— A _ tgl o
= (0) = A\)(1 — et _ 2 Mt S o5 (1 — e Adt=9)Y gs.
(21,.(0) = N = e™) = == (e Zml“ 0 3" ( ¢ ) s

We now use the condition (67). If #1.(0) = A, then Y-, o, x;.(0) =1 —1/d — X > 0 and therefore

I-1 t t
Z145,-(0) / s —Ad(t—s) ( 1 > vl (A “Md(t—s)
ZTool(t) = —_— 7 sle 1-e ds>(1—=—-\ mln 1—e ds >0
o0(t) ; J! 0 ( ) d 0 j' ( )
for all t > 0, as desired. If z1,.(0) > A, then
_ z1.(0) =X, _ _
ro0() 2 (0, (0) = M1 — e™t) = DDA (oot maany,

Given that z¢,(0) = 0, to conclude that x¢o(t) > 0 for all ¢ > t* = 0 it is sufficient to show that the RHS
of last equation is strictly increasing in ¢. This follows easily once noted that the derivative of the RHS of
last equation is strictly positive if and only if

—t _ _—dt
% >0, Vit>0.

6 Conclusions

In this paper, we have provided new insights on randomized load balancing: if a load balancer is endowed
with a local memory storing the last observation collected on each server, the celebrated power-of-d-choices
algorithm can be made asymptotically optimal in the sense that arriving jobs can be always routed to idle
servers. Our approach provides an algorithm that is both fluid (N — oo) and heavy-traffic (A 1 1) optimal
while employing a fair control message rate that scales linearly with the system size N. This means that
randomized load balancing can be made robust to orthogonal variations of both N and A, which can for
instance occur in presence of unexpected workload peaks or server breakdowns.
On the practical side, Algorithm [I] can be improved in several ways to enhance performance:
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e Server selections can be made without replacement, instead of with replacement. In view of the results
in Gast and Van Houdt [10], this may also improve the convergence speed of X N to fluid solutions.

e Since the action of sampling (0, 0)-servers does not bring any additional information to the load bal-
ancer, server selections can be restricted to (-, j)-servers, with j > 1.

e Upon a job arrival, if i is both the least load of the d sampled servers and the least observation contained
in the memory immediately before the last sampling, then the job may be randomly assigned to one
of the (-,7)-server known to the load balancer immediately before the sampling. In fact, by the time
of the last update, one of such servers may have decreased its load.

e At any point in time, it is clear that the observation collected on a specific server is an upper bound
on the actual state of that server. This observation leads us to consider a variant of SQ(d, N) where
to each server is associated a timer representing the age of its observation. Specifically, at the moment
where a new job arrives, all timers are incremented by one except the ones associated to the d sampled
servers, whose timers are set to zero. Then, the load-balancer dispatches the job to a server with the
lowest stored observation and for which the timer is the largest.

It is intuitive that all the above variations of SQ(d, N) yield performance improvements. It may be less
intuitive that at the fluid scale only the last variation can yield performance improvements. In view of the
results presented in this paper, such improvements can only appear when A > 1 —1/d. We leave this subject
as future research.

A last variant of Algorithm [I] consists in swapping Lines 4-7 and 8-10. This is meant to perform each
job assignment before the d servers are sampled (the collected information will be thus used for future
assignments). It can be easily shown, mutatis mutandis, that this yields the same fluid limit. This is
not surprising: if g0 > 0, the number of zeros in the memory is proportional to N and getting d more
observations does not make xg o zero.

In our analysis, we have assumed that each server has a finite buffer of size I. We conjecture that our
results generalize to the case where I = oo and a first step to prove this claim consists in adapting the proofs
of Lemma [2| and Proposition [2[ on coordinates (i,7) only. Provided that servers are initially empty, this
conjecture is coherent with the numerical observation that the Lyapunov function Lg(z(¢)) monotonically
increases in t to its limit point, which is necessarily less than j* + 1; see Figure If A< 1-1/dand
20,0(0) > 0, this can be easily proven by using Lemma which ensures that the drift function b takes the
linear form in . When A > 1 —1/d, a proof is complicated by the involved structure of Lg.

Our model can be generalized to a setting where servers have bin-packing constraints. Specifically, each
server has B units of a resource, there are R types of jobs, type-r jobs requires b, units of resource, and
an arriving job is ‘blocked’ if it does not find the required amount of resource at the server. Memoryless
power-of-d-choice strategies have been recently applied to this type of models in Xie et al. [24], though the
resulting blocking probability does not converge to zero in the fluid limit. A further direction for future
research aims at evaluating whether or not a local memory at the dispatcher can still be exploited to achieve
fluid optimality in this setting.

A Proof of Lemma 4

We give a proof when € | 0 as the same arguments can be applied when ¢ T 0. Let s; def si,;(T) def

22;10 Ty, + Z§'2ifi,j’- For any € > 0 and all k sufficiently large, Lemma (3| states that the inclusions
(81,i(t) + 2eL(I 4+ 1)2,8; .(t) — 2¢L(I + 1)*] C (SZ]\Z" (tNeA), SZN" (tNEA )]
C (8i4(t) — 2eL(I +1)2 5, .(t) + 2eL(I 4+ 1)?]
hold true, as we recall that under the coupled construction given in Sectionwe have that t)*A~ € (¢,t+¢]
when n € {Nx(Ngt) + 1,...,NA(Nk(t + €))}. Using these inclusions and Lemma [l we obtain
Ni(Ni(t+e)) d )
“Xe+dA(Ti (t) — Tii(t) —4eL(T+1)%) e < lim — > Y 1tV

k—o0 NN, SNk (4Nl A Ty Nk (N A=
N g et T ST
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< —Xe+d\ (T (t) — Tii(t) + 4eL(I + 1)) €

for all € > 0, and dividing these inequalities by € and letting e | 0, we obtain (26a)).
Finally, (26b]) is proven using the same argument.

B Proof of Lemma

At the beginning of the proof of Lemma we have already shown that R;(t) = 0 if Z?/:O Z. js(t) > 0. Thus,

in the following we assume that Zg/zo Z.;(t)=0.
First, for the indicator function in (20c]), we will use that

1{XéYo(t£YA*)+Z§/ 1 Mgy, >0} =1- 1{X(§Yo(tﬁ,k—):0}1{zjf,/:1 MY, =0} (72a)
: Vi)
= Loy mo D ony oy (72b)
p=
We also notice the following sequence of equalities (see (17 and . for the definition of F; v n)
XJ: XN( N )+M; n—MjV”)) (73a)
part i (o XN (A ) 4T FM%]
Loy sy, —Mivn>0} = 1= Loew @) -y, —oy Lr?, =0y (73b)
— 1 _ (V")
=1 e -ay, -0 H (0.1-ZY (AU (=28, (7)1 (73c)
p:

d d
_1_ Vi)
=1 (1{X¥Yj(tif’*)—o} + Z 1{NX_ij(t£¥'*)—p}1{NM§"n—p}> H(O,l—ZJN(t NUA=2Z8,, (N 7).1]

p=1 p=1

d
=1-1 NA V)
{XN(tn ’):0} L (0,17Z]N(tn U a—2N, #027),1]

d
4%
*;I{NX.{VJ-U )= p}l{NMN =p} ¥ H]Im ZNA AU =28, (7))

For the summation terms in (73¢]), we observe that

1 —py = Ly =1
{NMJ, =p} = I NMN, =p} — -
Z04=1 SNy A TSN A )

o v
I  =p
{qzl Ul SN,y A )N A 7)) }

I1C{1,....d}: | I]|=pa€l

> I
Ul (SN, (#0078 N (002 7))
IC{1,....d}:||T||=p g€l '

IN

where —A denotes the complement of set A and we have defined S%_l(tg’A*) dof Sjj-v_l)l(t
any € > 0, on the interval [t,t + €], ensures that

(Vq
l{NkM;vﬁ:P} < Z H - o(0Vs; j_1—€,5; j+€]

IC{1,...,d}: g€l
Il 4]l=p

0<
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Z HH U (SN, _ 1t 27), SN, (#n2 x H]Iﬁuz o (SN, (#007), SN (00N

(73d)

(73e)

]

N.A=). Thus, for

(74)



for all k sufficiently large, where s; ; def si ;5 (T(t)) o S T () + Z > Tigr(t) for all i < j and s; ;-1 =

Sj—1,1I-
Let us treat the cases 7 =1 and j > 1 separately.
Assume for now j = 1. Substituting in the sample path expressions and , we obtain

1 NA(Nt) d

N () _yN = V)
XA =X10) + 5 2 H(S%(t%**)ﬁ%(tﬁ**)}

n=1 p=
1
Y 2

1va)
— (1_1{Ré\’(t A= 0} 1 ZN (N7 1]>

1 %0)
N Z ZH(S 1(t%/\_)—Xé\,]l(tg'l_)ﬁé\,fl(tg’/\_)]

n=1 p=
N (Nt) d

1
_N Z l{RéV(NX 0}(E]1n+F11n H (1— ZN Nxf)l]

n=1 p=1

NA(Nt)

Since To,0(t) +Z.1(t) = 0 and ¢ is a point of differentiability, necessarily . ; (t) = 0 and thus

0 :il,l(t) (76&)
=lim - lim X"} XN

Eg% - Jim (t+e) — XV () (76b)
=\dZ1,.(t) + A — Ro(t) (76¢)

1 1 Na(Ng(t+e)) d Vo)

. . N = Ny N D
e Ny N(ZJ\; it l{RéVk (tn**7)=0} (FO*L" + FM*”) pl_[ IaZ AL GBI (76d)

n=Nx(Nk =

The terms in (76¢)) are a direct application of Lemmas |1| and |4 Equation also states that the limit in
(76d|) exists. Now, using — and , for any € > 0

- 1)
1 1{ N, tNk A— —0} H (01— ZNk(tNk Ai)]U(l ZJ_H(tNk )\,) 1] (773:)

J
S i

=0

d (vr) ‘ V)
1—1, ~Ny  Npoa—y " N N N (¢ NrA L,
{R; " (tn )_O}p (0,1-2; Fltn " HIU (- Z; k(t ke I;I {Z d): qlg U(OV%; 1—Ce,s; ;+C¢]
IlI=p
(77¢)

for all k sufficiently large. Using both inequalities and that

) v _ (v
O1=Z (VAT U (=2 )1 T 01— 2 R T T (a— 2 1)
for the term (76d]) we obtain
1
Ro(t) — R1(t) — lim — x O(e)e
e—0 €
) N (N (t+€)) d wr
N, Ny
< T 2 im 2 I{Rév" (tnh)=0} <F0’1k’" + Flylk’”) 11 (1- ZN" (7))
n=Nx(Nit)+1 p=1

< Ro(t) — Ra(t).
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where the O(e€)e term is obtained by applying Lemmato the terms in the double sum of (77¢)), which gives

Na(Ni(t+e€)) d

d
) 1
s SRS S O 1 (1 3 X or =0t
n=Nx(Npt)+1p=1 IC{1,....d}: q€I U(OVS77 1—€Cis5,+eCl poy 1.,
I7=p I1ll=p

Thus, when T o(t) + Z.1(t) = 0 and ¢ is a point of differentiability, we obtain

1 NA(Nk(t-i-E))

d
A N (
i edm g 3 Mgy (Bt B T oy = B0 = a0
n=N(Ngt)+1

and substituting this in we obtain

0= lim * lim XNe(t+e) — XN (t) = Mz1,.(t) + A — 2Ro(t) + Ra(2),

e—0 € k—oo

which implies that R;(t) exists and furthermore that (since R;(¢) is necessarily non-negative by definition)
is given by
Ry (t) = 0V (2Ro(t) — AdT1,.(t) = A) Lz o(0)+7...(1)=0}
=0V A1 —=2dz,.(t) — dZ1..(t) Lz o(t)4+3..1(1)=0}
where the last equation follows by substituting the expression of Ry(t) given in Lemma |8l This proves
when j = 1.

If 7 > 1, the same argument applies again. First, taking summations over the sample path expressions
and , we obtain

N Z (ng (¢ in)’sj\,rl(tnj\r”ki)]

— 1 wve)
_ZN Z Zlﬂ(sw (A= XN (0T, SN (0]

=0 n=1 p=
1 NA(Nt) d Vo)
Z 1{R§-V,2(tn )=0} <ZFJ 1"> H]Iu ZN @)
— =1
NA(Nt)

1

) 1{RN ")) (ZF] ) H]I 1 ZN Ay
Then, using and noting that the term in (73€]) can be bounded as in we obtain
0= ;(t) = hm - hm XNk(t—i—e) Xj\g’“(t)

e—=0 € k—oo

=MdT;. () + (Rj—2(t) — Rj—1(t)) — (Rj-1(t) — R; (1)),

provided that Z;,:O Z.;/(t) = 0 and t is a point of differentiability. This condition inductively proves the
existence of R;(t)) and implies that

R;j(t) =0V (2Rj-1(t) = Rj—2(t) = MT;.) 15, 5 =0y

Since we have already obtained an expression for Ry and R;, we can derive an expression for Ry and so forth
iteratively for all j. By iteratively substituting in previous equation the expressions of R;_; and R;_o, we

obtain .
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C Proof of Lemma [10

As shown at the beginning of the proof of Lemma [8] if Zgzo Z.;(t) > 0, then R;V’”‘ (tNeA=) > 0 for all k
sufficiently large, and therefore I'; ; = 0. Thus, let us assume in the following that ZLO T.;(t) = 0. We give
a proof when i < j; when i = j + 1, the proof uses the same argument and is omitted.

So far we have assumed that w € C was fixed but for now let us explicit the dependence on w and treat
quantities Z(¢t) and X ™ (¢) as random variables.

Let
qer 1 Na(N(t+e)) wv2)
eN N
LW =5 2 Lryar oy Figrin LG 20 qorae) (79)
n=Nx(Nt)+1 p=1

def
=Yn, N

For all n, the random variable Y,, y is F,-measurable where F, Lef {XN@ENAY VL v U, W, Y, and

X! l(tl A )7M i1, d (VP)
EDnN“n\”n]—l N(tNA -0 L - 2 L | I I N, A— (80)
? R (tn N)\ N 1— Z tn 1
{ }XA; 1( ) A[j 1, ]‘[j Ln p=1 ( Yo ( ):1]

because we recall that the 0-1 random variable F}, Y n 1s one if and only if (XN (tNA=) + ijn — M;Vn) W, €
( 2210 X,i\fj (A=) — ,” o Zk oXlng (A=) — M,ivj »]» by definition (I7), with W,, uniform over [0,1]; the
set F,, \ W, denotes the set F,, with W,, removed.

Let Zon 2 Y, n — E[Yyn|Fp \ Wo]. Then, E[Z, n|Fn \ Wy] = 0 and |Z, y| < 2, and applying the

Azuma—Hoeffdmg inequality, we get
1 (N6)?
— < —
IE”(N >§> 2exp< SN (81)

for any 6 > 0. Since ), exp (—N 52/ 8) < oo, an application of the Borel-Cantelli lemma shows that

n,N

% Zﬁ;l Zp,N — 0 almost surely. In particular,

| W)
Jim TON() - Y B | Fa \Wa] =0 (82)
n:./\/}(Nt)«kl

almost surely.
Now, we fix w € C and use and Lemma |3[ to obtain that for any € > 0

1 N (N (t+e))
lim —— E[Y, n n
dm oy 2 EDumdF AW
n=Nx(Nxt)+1
1 N (N (t+e)) = (1) d VP)
< . B [ ]+1
- NELnoo eNk Z {RNk(tNk > 0} xX. ]+1 t H ﬂcl Nk Ai)’l]

n=N(Ngt)+1 p=1
Replacing € by —e in the last fraction term, the previous inequality can be reversed and letting € | 0, we
obtain
1 N)\(Nk(t+5)) iy (t)
lim lim —— > E[Yan, P\ Wa] = R;(6) =22 (83)

€l0 k i
10 k—oo €Ng =N (Nat) 1 I.’j+1(t)

Finally, and give .
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