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File hosting = premium packages

@ Higher payment, higher bandwidth
Cloud computing = pay for service

@ Amazon EC2: Instances

@ Microsoft Azure, IBM, Google...
= Better service increasing payment
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e Solution of HT Game and Approximating Original Game
e Accuracy of the Approximation

e Conclusions
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Outline

Q Model Description
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Model: system parameters

Cc ={1,2,..., R} set of players (classes of users) paying for service

=
=
O

Service rate 1

——

= Quality of service of classes: function of processing time
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Model: system parameters

Cc ={1,2,..., R} set of players (classes of users) paying for service

=
=
O

Service rate 1

-
= Quality of service of classes: function of processing time
@ )\;: arrival rate
@ B;: service requirementr. v.
@ p; = NE(B)): class-i load
@ Ti(g): response time of tasks of class i
° E(Ti(9)) = Ti(g)
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Model: resource sharing

@ Strategy of players: amount that they pay g; € [, o).

@ Capacity is shared according to the discriminatory processor sharing
(DPS).

Josu Doncel (LAAS-CNRS) A Resource-Sharing Game Performance 2014 6/25
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(DPS).
@ r;: rate allocated to class /,

giN;
r(Ny, ... Ng) = —I4
i ) Z/’LQJNJ
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Josu Doncel (LAAS-CNRS) A Resource-Sharing Game Performance 2014



Model: resource sharing

@ Strategy of players: amount that they pay g; € [, o).

@ Capacity is shared according to the discriminatory processor sharing
(DPS).

@ r;: rate allocated to class /,

giN;
r(Ny, ... Ng) = —I4
i ) Z/’LQJNJ

when there are N; tasks of class j in the system.
@ Higher payment = higher rate (better service)

Josu Doncel (LAAS-CNRS) A Resource-Sharing Game Performance 2014



Model: resource sharing

@ Strategy of players: amount that they pay g; € [, o).
@ Capacity is shared according to the discriminatory processor sharing

(DPS).
@ r;: rate allocated to class /,

giN;
r(Ny, ... Ng) = —I4
i ) Z/’LQJNJ

when there are N; tasks of class j in the system.
@ Higher payment = higher rate (better service)

Objective:
Minimize payment ensuring the QoS requirement
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Known Resulis of DPS

Difficult model
@ Tx(g) in close-form only for R = 2 and exp serv times.
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Known Resulis of DPS

Difficult model
@ Tx(g) in close-form only for R = 2 and exp serv times.
@ for exponentially distributed required service times and R > 2:

R R -
Tk(9) (1 —27“’/ ) _ZiAfng/(g) -1 kec
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Known Resulis of DPS

Difficult model
@ Tx(g) in close-form only for R = 2 and exp serv times.
@ for exponentially distributed required service times and R > 2:

R R -
Tk(g) (1 _Z Aigj ) _Z )\jngj(g) _ l’ kecC.

= 19 T PkGk = g T FkGk ok

@ For non-exponentially distributed service times, T(g) is a solution to a set
of integro-differential equations (Fayolle et al 80).
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Known Resulis of DPS

Difficult model
@ Tx(g) in close-form only for R = 2 and exp serv times.
@ for exponentially distributed required service times and R > 2:

R R -
Aig; AgiTi(g) 1
7 1_ N9 _§ '% =—, keC.
) ( ; Higj +uk9k> o3 g T kG ik

@ For non-exponentially distributed service times, T(g) is a solution to a set
of integro-differential equations (Fayolle et al 80).

@ whenp — 1,

(1-p) Ti(g) S Ti(g;1) = X - . iec, (1)

where X is an exponentially distributed random variable
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Game (OPT-M)

Each player i
min  p;g; (OPT-M)

gize
subjectto  T;(g) < ¢
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Game (OPT-M)

Each player i
min  p;g; (OPT-M)
gize
subjectto  T;(g) < ¢

What price should a player pay? l
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Summary of Results

Game (OPT-M) Game (OPT-HT)
N. Classes Serv. Times N.Classes Serv. Times
Feasibility Arbitrary Exponential Arbitrary General
Existence of NE Arbitrary General Arbitrary General
Uniqueness of NE 2 General Arbitrary General
NE Characterization 2 Exponential Arbitrary General
Price of Anarchy 2 General Arbitrary General
BR Convergence (feasible point) Arbitrary General Arbitrary General
BR Convergence (any point) 2 Exponential 2 General

Summary of main results
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Q Solution of Original Game
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Existence of Equilibrium

Definition (Feasibility)

The game (OPT-M) is feasible if and only if it exists a performance vector such
that Ti(g) < cj, i € C.
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Existence of Equilibrium

Definition (Feasibility)

The game (OPT-M) is feasible if and only if it exists a performance vector such
that Ti(g) < cj, i € C.

Proposition

With general service time distributions, if the game is feasible, then
@ there exists a Nash Equilibrium

@ the dynamics of best-response converge to a Nash Equilibrium if the
starting point g satisfies that T,(g) < ¢;, i € C.
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Existence of Equilibrium

Definition (Feasibility)

The game (OPT-M) is feasible if and only if it exists a performance vector such
that Ti(g) < cj, i € C.

Proposition

With general service time distributions, if the game is feasible, then
@ there exists a Nash Equilibrium

@ the dynamics of best-response converge to a Nash Equilibrium if the
starting point g satisfies that T,(g) < ¢;, i € C.

Since:
@ T;(g) decreases with g; and increases with g, Vj#i

e Ti(cg)=Ti(g)
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Feasibility

For exponential service times

Proposition
The game (OPT-M) is feasible if and only if

> pici = W;, Vr subset of C.
ier

_ 1 i
where pr = 3 _jc, pi and W, = 1—pr Dier %
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Characterization of the NE

Particular case
If 3 g such that T;(g) = ¢; = infinite equilibria

gt =cg, Ve
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Characterization of the NE

Particular case
If 3 g such that T;(g) = ¢; = infinite equilibria

gt =cg, Ve

Two players and exponential service times

Let E(B;) = 1/pi. Assume ciu1 < Copp.
If the game is feasible, then the unique equilibrium is
@ Let g™ = (¢,¢). If Ti(g™5) < ¢, then gNE = g©S,

® atherwise, g = (1, o), where gI* = ¢ R ENEIC =
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2 classes and exp serv times

P TP, T, =W,

W, /p, 1

1

Figure: Set of performance
vectors in a DPS queue
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2 classes and exp serv times

LY

P, TH, T, =W,
P TP, T, =W,

w,/p,

W, /p, T wle, '
) . Figure: Set of performance
Figure: Set of performance vectors such that T+(g) < ¢

vectors in a DPS queue (feasibility)

Feasibility <<= pici> W, i=1,2
p1C1 + p2C2 > Wiz

Performance 2014
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Example: 2 classes and exp serv times

Figure: The case T;(g™) < ¢
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Example: 2 classes and exp serv times

Figure: The case T;(g™) < ¢ Figure: The case T1(g™) > ¢.
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e Solution of HT Game and Approximating Original Game
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The HT Game

@ Heavy traffic : when the system load is close to 1.

Josu Doncel (LAAS-CNRS) A Resource-Sharing Game Performance 2014 17/25



The HT Game

@ Heavy traffic : when the system load is close to 1.

Proposition (Verloop et al 2011)

When scaled with 1 — p, the response time of class-i jobs has a proper
distribution as p — 1.

(1-p) T;(g)iri(gn)zx.E(g_?"), iec, @

1

where % denotes convergence in distribution and X is an exponentially
distributed random variable with mean

S ME(BY)
E(X) = SRFACIES (3)
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The HT Game

@ Heavy traffic : when the system load is close to 1.
Proposition (Verloop et al 2011)

When scaled with 1 — p, the response time of class-i jobs has a proper
distribution as p — 1.

(1-0) Ti(g) 4 Tig: 1) = x- 22

PV i € C7 (2)
1
where % denotes convergence in distribution and X is an exponentially
distributed random variable with mean
ME (B2

E(X) = Zkk—ézkl 3)
Dok /\k]E( ) O )

Assume convergence in mean:

. 2
(- 0)Tigip) = Ti(g: 1) = 2B >k ME (BF)
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Characterization of NE

Theorem

Assume E(B;)/¢; decreasing with i, where ¢; = ¢; (1 — p).
If the game is feasible, the unique Nash equilibrium is

tn/E(Bm) .
NE Sl N A m
g 66,'/]E(B,') , foralli < m,
gVE = ¢ foralli>m,

where m is the minimum value such that there exists t, < &y verifying

e St ME (B2) — 05 ]E((BK))CK
B(E,) ST MEE)

Arbitrary number of classes and general service times distribution.
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Approximating (OPT-M)

Let E(B))/c; > E(B))/c;, it i < j.
Using T;(g) = T;(%’;p‘) = Approximated NE:

Corollary
t J/E(Bnm) ,
NE _ Im
" =e———= foralli < m,
I C//E( i)’
g, =¢ foralli > m,

where m=1,..., Ris the minimum value such that there exists a value
tm < cm verifying

ME 1
tm Zk1 21(,;)) Ekm1 /\kIE( 3

B K
(Bm) ~ S ME (B2)

¢i=ci(1-p),

En == Lﬂ (1 - p)
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e Accuracy of the Approximation
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4 classes and exp serv times: homogeneous player
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4 classes and exp serv times: heterogeneous playe
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Outline

e Conclusions
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Conclusions and further work

Game theory and time-sharing systems: few previous work
Complicated model

@ solved in some case

o for the rest, HT approximation
Future:

@ Convergence of the Best Response

@ Multiserver

@ Users decreasing ) if gi > M

Josu Doncel (LAAS-CNRS) A Resource-Sharing Game

Performance 2014



Thank you

Thank you for your attention.
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